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Answer Four questions only.

*sin(l/x), x# 0

01. (i) (a) Let f(;';):{ A e

Use £—¢& definition to prove that f is differentiable at ¢ and F70=0. ,

xsin{l/x), x =0 !

(b) Let g(X)={0 -

Use —& definition and the method of contradiction to prove that g is not
differentiable at 0,

(i) Construct a function h defined on R such that
(a) & is left differentiable at 0 and A’ (0)=2017,
{b) % is right differentiable at 0 and #/(0)=2018. . !

Prove that any function % that satisfies {(a) and (b})}is continuous at 0.

02. (i) Let  be a function defined on R such that for ea{ch xelR,
43 () <2x* —2x+4.
Compute f'(1) and f/(1) by showing all the work.

Is / differentiable at 1?7 Explain your answer.
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{11) Le‘é SR~ R be afunctionand ¢hea real number,

brove that if f is differentiable at c,then lim{n{ f(c+1/n)~ f(e)]} = /'(¢).

H=a

Suppose f Is a function and ¢ is a real number such that Iim{ﬁ[f(cﬂ/n)—}(c)}}

exists finitely, Does it follow that f is differentiable at ¢ ? Prove your answer}.
j .

03. (i) Let £ be a function defined on an open interval (g,b)and ce(a,b). Assume th\at ,
i

f isdifferentiable at ¢. Prove that if / has local|maximum at cJthen S =0,

o

Is the converse true? lustify your answer.

(i) Consider the function g:R >R given by

—(x—3P+3/2, 5/2<4 | |

x=5/4, 2gx<§r2 S
gx)= . :
—Sx/4+13/4, 1£x<2
x+1, x<1

Prove that {a) g is continuous onR hy showing tihat gls continuous at 1,2and 5/ 2.

(b} g has a local maximum at 1 and }ygis not differentiable at 1. |
(c} g has a local minimum at 2 and £ is not differentiable at 2.

{d) g has a local maximum at 3, gis ﬂifferentiable at 3and g'(3)=0.

1+Mc+9e® +16¢ +25¢°

04. {i) Prove that there exists ¢ & (0,1)such that ¢* =- 90 |
|

(i) Let £ be a function defined on [0,1], continuausjon (0,1], differentiable on (d,l)

and £(0) = f(1). Does it follow that there exists;;c (0,1) such that f(e)=07?
| \
|

Prove your answer,
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{iii) Let g be a function defined on [0,1], continuousion [0,1], differentiable on (0, 1)
and g(0) = g(1). Does it follow that for each c e (0,1}, g’ (¢)# 0 ? Prove your

answer,

05. (i) Suppose f is defined on [a,b], continuous on [a,b] and differentiable on (a,b).

Prove that _

(a) if.f’(x) > 0 for each xe(q, b))then £ is strictly increasing on [ai?b},

!
(b) if £/(x) <0 for each Sce(a,b) then 7 is strictly decreasing on [151,.5].

(ii) Let g be a function differentiable on (a,b) and c e (a,b). Let I be areal number

such that lim g’ (x)=1. Prove that g'(c)=1.
(iii) Let & be a function defined on R such that lingh’(x) =2018. Doesit follow

that his differentiable at 0 and 4’ (0)=2018? Prove your answer.

g6. (i) Let / bea fur;.ction continuous on [a,b], differentiakle on (a,b) and fdr each xe(a,b),

F(x)#0. Prove that fis strictly increasing on [a,b3 or f is strictly decreasing orlf

[a,b].
iﬂ x=1
(ii) Consider the function g:R —>R given by g(x)={x-1
0, x=1

Does there exist a function #2:IR —>IR such that for each xR, /' (x) = g(x) ?

Prove your answer.

(iif) Compute - (a) lim L ‘1 ] {b) lim 1 _1 . Show all the work,
x0¢l 2x  sin3x =0-\ 2x  sin3x

3. —







