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Answer four questions only
1.

(a) Let V'be a vector space over a field F. Using the axioms of a vector space, prove that

(i) 0-x=0forall xeV,
(i) a-0=0 forall xeF,

(iliy ~a).x=—(a.x) foralla e Fandx € V.

()  LetV =1{(ay,a;) | a;,a; € R}. Forevery (a;,az),(b1,b;) €V,
define (aq, az) +(by, b;) =(a, +by,a; + by) and c(ay, a;) = (cay,ca,) for ceC
where C is the complex number field. Is V a vector space over the field of complex numbers

under these operations? Justify your answer.

(c) LetV={(ay,a) |a;,a;, € R} Forevery (ay,a,),(by.by) €V
define (ayq, a) + (b1, b)) = (2ay + by, a, + 3b,) and c(ay, az) = (caq,cay) for c €R
where R is the field of real numbers . Is V a vector space over the field of real numbers under

these operations? Justify your answer.

(a) Prove that if W, and W7, ate subspaces of a vector space V' over a field F, then

W, + Wy, ={w, +wy |w, € W, and w, € W, }is a subspace of V' over F.

(b)  Let ¥, and W, are subspaces of the vector space V' over the field /. Prove that if

W, U W, is a subspace of vector space V' over the field /' then W, < W, or
WZ c Wl'
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(c) Determine whether each of the following sets are subspace of the vector space R? over
the field R under usual addition and scalar multiplication :

(i) A={(a+2ba+1)[ab € R}

(ii) B={({aa®)|a € R}

{(a) Let U and ¥V be vector spaces over a field F and 7:U >V be a linear
transformation. Prove that the kernel of 7 is a subspace of U. :

(b) Let M ={ [g 3] |a, b, c,d E IR }. Note that M is a vector space over the field R under the

usual matrix addition and scaldr multiplication.

[a+b b

Let the mapping T : M — M bedefined by T( [i[ b]) =1l ¢ caal

d
Suppose U:{[g g] la,b € R}

(1) Show that T is a linear transformation,

(i)  Find the kernel of T.

(i)  Is U an invariant subspace of the vector space M over the field R under 7 Prove
your Answer.

i : |
(8  Define an isomorphism between vector spaces {7 and ¥ aver a tield .

(b) Let U and ¥V be vector spaces over a field F. Let T:U->V be a linear
transformation onto ¥. Prove that T is an isomorphism if and only if

ker T = {0}, where 0 is the additive identity of U
(c)  Define a basis of a vector space ¥ over a field F.

(d) Let U and ¥V be vector spaces over a field F, 7:U -V be an isomorphism and
- S ={uy,u,,..U,} be a basis of U, Prove that T(S) = { T(u;)ju; € S} is a basis of
v :




(a)

(b)

(©)

(d)

(2)

(b)

Define tinear independence and linear dependence of a non eropty finite subset .5 of a vector
space.

- Let S={P=1—-x,P, = 53,—!—3x-2x2,P3 =14 3x—x%} be a sub set of the vector

space of all polynomials of dégTee at most 2 over R. Is § linearly independent over the field
R? Justify your answer.

Let U be a subspace of a vector space V' over a field /, T:U —V be a linear
transformation. Prove that T{U) = {T'(u)ju € U} is asubspace of V.

Let U be a subspace of a vector space V' over a field #, T:U —V be a linear
transformation and S = { uy,Uy,... U, } be a linearly independent set of vectors in U.
Is the set T(S)= {T(w)|u; €S} always linearly independent? Justify your
answer,

Let P, be the vector space (f)f polynomials of degree at most n over R. In this space,

with p and ¢ arbitrary polynomials, we define

{p:q) =] P(x)q(x)dx

3] Show that P, is a Euclidean space.

(iiy  Find the lengths of the polynomials of 2x and 1-2x* in B,.
(iii)  Find the distance between the polynomials 2x and 1- 2x* in B,.

Show that the three vectors %, = (1, 2, 2), #,= (1, -1, 2) and »;= (1, 0, 1) form a basis for B,
tfhe usual Euclidean three space. Construct an orthonormal basis for £ out of {u], Uy, ”3}

using the Gram—Schmidt procéss.




