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Answer Four questions only.
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least upper bound, Guess the limit of this sequence and use the definition of a convergent

1 (a) Prove that the sequence ( ) is bounded. Write down the greatest lower bound and the

n—1

ViG—n

sequence to prove that ( ) is convergent to your limit.

b) Let S, = X~ —1 _forn € N. Find S, in terms of n and hence find lim S,,.
k=3 (kP-4 n—ow

2. (a) Prove that if a sequence is monotonically increasing and bounded above, then it is
convergent.

(b) The sequence {u,) is defined recursively by wu, = /1 +u,.q for n €N, with 1 is a
positive real number.

(i) Prove that if g = 1, then {1} is monotonically increasing and bounded above. In this

case find the limit of the sequence.
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(ii) Prove that {u,) is a constant sequence iff uy = ——.

3.() Let u, = Xi=1 (T}I}_I . Prove that u,, <3 for n € N.

(i) Lot 1, = s+ s + ez e F

= for .
VInd+1  V2né+2 0 vY2ati3 Viniin for neN

n n 1
Show that = = U = Fry for n € N. Deduce that ]}1_})120 Uy =

OV SR S T E : .
(i) Let wy = —+ ==+ ot ot Prove that {w,,) is convergent and

1,
ZS limw, <1.
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4 (a) State the Cauchy criterion for a convergent series. Hence or otherwise
. . 1.,
prove that the Harmonic series Y, = diverges.

(b) Find whether each of the following series is convergent. Justify your answer.

(i) X, 2

n=1 {2?’1)"
(i) Dm=q p"nP  (p is a real positive constant and p > 1),

o e 2R(=2)"
(i) Xp=1 3+ °

-1 n 2'.'1
(iv) S, 2

1+( 1)“

5 (a) Prove that the series Yy converges conditionally.

(b) Test each of the following series for absolute convergence:

ODXAEC D -8

n‘ g

—n+2 , i
(111) Zn =173.4 n3+1 ? (IV) 2;0:1 Xn s where Xon = """;; s Xn—1 T ; .

6 (a) Find the lim sup and lim inf of each of the following sequences:
@ (2cos (%)) D) ((—1)n (1+ i)) . (i) <):k e ) .

(b) Find the radius of convergence of each of the following power series :

1 .
. w Nt n ., © n 2—“' n1s even
€y Enzl“;l‘,“x s () Xpsq apx™ , where @, =4°,
' —, nis odd




