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Answer four questions only

1.

(a)  Suppose V is a vector space over a field F . Prove that for all @ < Fand for all xeV —{0}
(a) If ¢-x=0 then =0
(b) Ifa-x=pf-x thena=p

(b) LetM = [ [? Z] ‘a, hc,d € R}.For every [Ccli zj , [CCL; Zj eEM,

al b1 [az bz] _ [a'l + az bl -+ b2 ] [al bi] _ [a‘l b1 ]
define [cl dl] + ¢, dpl legte, di+ d; and & c; di leg 3edy

for a € R, where R is the real number field. Is M a vector space over the field of real
numbers under these operations? Justify your answer.

(©) Show that the three vectors w,= (1, 2, 2), w,= (1, -1, 2y and u,= (1, 0, 1) form a basis of

[R3

(a)  Let V be a vector space over the field F and WV ,W #¢. Show that Wisa
subspace of a vector space ¥ over F if and only if forall &,feFand x,yeW,

ax+ fyeW.
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(b)
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(b)

Determine whether following sets are subspaces of the vector space R? over the field R
under usual addition and scalar multiplication in vector space R>. In each case justify your

answer,

(i) A={(abc)|abc € Randb =2a+a?*}
(i) B={(abc)|abeRandat+b=c}

Suppose I, and W, are subspaces of a vector space V' over a field F'. Prove that

W W, is a subspace of the vector space V' over the field F'.

Suppose ¥ is a vector space over the field F'. Show thatif S € Visa linear combination
of the set of vectors @, @,, &, +,c,€ V,then the set {/9, o, &, a3,-~-,an} is linearly

dependent.

If e, Band yare linearly independent vectors in ¥ over a field F,
prove that e+ g, B+ 7 y + a are also linearly independent.
Suppose W is a subspace of a finite dimensional vector space V over the field F, then prove

that dim W=dim Vifandonly if W=V

Let 7'V — W be a linear transformation. Show that
(i) T(0)=0
(i)  ker7 ={0}if and only if T is one to one.

LetV = R? and W = R® . Note that I and W are vector spaces over the field R under
the usual addition and scalar multiplication.
Consider the mapping T :V > W definedby T(x,y) = (2x,x +y,x +2y).

(D Show that T is a linear transformation.
iy ~ Find the kernel of T.
(i)  Is 7 an Isomorphism? Justify your answer.
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(b)

(a)

Let M ={ {3 2] la,b,c,d € R }.Note that M is a vector space over the field R under

the usual matrix addition and scalar multiplication.

a+b b

3¢ d]' Note that T is

Let the mapping T : M — M be defined by T( [? Z]) = [
a linear Transformation

Determine whether the following sets are invariant subspaces of the vector space M over

the field R under T
o w={s Ylsen)
{

(if) w= ([ S] g, c € R)

(D Define an inner product space.

(i)  Let ¥ be an inner product space over a field F. Prove that for xy, x5, ¥1, ¥, €V,

< Xy F X,V H Y = X, > A X, Yo > A< X Ve > 4+< X, Y2 >

(i) Let u= (X1,% %), V= (¥1,¥2 ¥s) where u,v € R%.
Define < 1w, v >= x,2 — x,2 ~ x;%3 . Is <u,v > an inner product on R3?

Justify your answer.

Let u and v be any two vectors of a Euclidian Space.

(i)  Provethat lu+ vl < llull + (vl
(i)  Define the angle between u and v
(iii)  Suppose £’ is the usual Euclidean three space and u, v € £ 3,

Let u=(1,-1,2) and v = (2,1,0) . Find the angle between u and v




(b)  Show that the three vectors = (1,1,1), u,= (0,1,1) and u,= (0,0,1) form a basis for 3,
the usual Euclidean three space. Construct an orthogonal basis for £ out of {u,u,, ", }

using the Gram—Schmidt process.




