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Answer four questions only

1.

(@) Suppose ¥ is a vector space over a field F. Prove that

(i) 0.-x=0 forall xeV and OeF.
(it a-0=0 forall e F and O0eV.
(iii) (~a)x=—(ax) forall ¢ F and xeV.

(b) LetM = {[‘; z] |a, b,c,d € ]R}.For every {2 gj , [2 32] EM,

. jaq bl] [az bz] . [al +a, byt+b; ] [al bl] B [aal aby ]
detlne. [C1 d1 + Co dz - ¢+ c d1+ d2 and & o] d1 - 20:61 3ad1

for a € R, where R is the real number field, Is M a vector space over the field of real
numbers under these operations? Justify your answer.
©) Determine whether the three vectors (1, 2, 2), (1, -1, 2) (1, 0, 1) are lineally independent

over the usual vector space R? over R.

(a)  Let ¥ be a vector space over the field F and WcVand W#¢. Show that Wisa
subspace of a vector space of ¥ over F ifand only if forall @,fe Fand x,y€ W,

ax+ pyeW.
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Determine whether the following sets are subspaces of the vector space R* over the field R
under the usual addition and scalar multiplication. In each case justify your answer.

(i) A={(abc,d)|abcd € R; b=2a+a?andc=d}
iy B={(abcd)labcdeR;a+b=c+d}

If @, fand yare linearly independent vectors in ¥ over a field F,

prove that @+ £, 8+ % y + « are also linearly independent.

Suppose ¥ is a vector space over the field 7. Show that if # € V is a linear combination
of the set of vectors ay, @,, --,a,€ V, then the set {5, &, &, -, @,} is lincarly

dependent.

Suppose W is a subspace of a finite dimensional vector space ¥ over the field F, then prove
that dim W <dim V

Let7i: U~» Vand T2 : V— W are linear transformations of vector spaces over the same
field F. Prove that the composition 72 0 71 : U — W is also a linear transformation.

Let T':V — W be a linear transformation where V and ¥ are vector space over the field
F. Show that

@ TO)=0

(i)  KerT ={0}if and only if 7'is one to one.

LetV = R® and W = R?. Note that ¥ and W are vector spaces over the field R under
the usual addition and scalar multiplication.
Consider the mapping T :V —» W definedby T(x,y.z) = (x+y,x + 2z).

() Show that 7' is a linear transformation.
(i)  Find the Kemnel of T.
(iii)  Is T an Isomorphism? Justify your answer.
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Let M ={ [? 2] la,b,c,d € R }.Note that M is a vector space over the field R under

the usual matrix addition and scalar multiplication.

a+b b

3c d]' Note that T is

Let the mapping T : M — M be defined by T( [? Z]) = [

a linear Transformation
Determine whether the following sets are invariant subspaces of the vector space M over

the ficld R under T

o we{l,2, Heses)
(ii) W:{ a gHa,b,c € R)
(i) Define an inner product space.

(i) Let ¥ be an inner product space over a field . Prove that for xq, x5, ¥1, ¥, €V,
<X x, VY >= X,V 2 F< X, Vo > A< X,V > b X, Y B
(ili) Let u= (x,%%3), v = (V1,¥2,V3) where u,v € R,
Define <u,v>= x,2y;%+ %%V,2 + x3y3 . Is <u,v > an inner product

on R37 Justify your answer.

Let Ube a subspace of a vector space ¥ overafield F, T:U -V be alinear transformation and
Ker T = {0}, Let §={uy,u,,...u,} be alinearly independent set of vectors in U. Is the set
7(S) = {T(u;)| u; € S5} linearly independent? Justify your answer.

Let W={(1,1,-2,0),(2,1,-3,0), (1,0, 1,0 ), (0, 1, -1,0)} . Find a basis for the subspace
Sp<W > of R* over the field R

Show that the three vectors u,= (1, 2, 2), #,= (1, -1, 2) and #,= (1, 0, 1) form a basis for £°, the
usual Euclidean three space. Construct an orthonormal basis for E* out of {u, Uy, u3} using the

Gramn—Schmidt process.



