MPZ 4230 — Engineering Mathematics IT
Assignment No. 01 — Academic Year 2007

(01) (a)  Ifthe electric potential V at any point (x, y) is V=1In/x* +y® +2? . Find the
rate of change of V at (3, 4, 5) in the direction towards point (2, 6, 7)

3 2
(b) Let F(x,y,z): (x2y+xz)i+(x—3-—cosz]j+(—%—+ysiuka

Is this vector field is conservative

(c) Determine the Taylor polynomial of first order for the function
f(x, y) =e" +e” at the origin.

(02) Show that the force F defined by F=3x%yi +(x3+1)j +9z’krepresents a

conservative field of force. Find a scalar potential ¢ such that F=V¢$. Hence find
the work done in moving a particle of unit mass under this field of force from the

point (0, 0, 0) to the point (1, 1,1).
(03) A torpedo has the shape of a cylinder with conical ends. For given surface area, show

”
that the dimensions which give maximum volume are, 1=h =j£5~, where [ is the

length of the cylinder, r its radius and h the altitude of the cones.

04) (a) Solve the equation z? =1+i

(by If c=1+cosB+————~ +cos{n—1)0
s=smf+-————- +sin(n-1)9,
Prove that

sinn—9
Cc= ( _1)6 and

. gcos 5
sin—
2
sinn—e
5= 2 sin(n_l)e
. 0 2
sin —

If0=2knkeZ

{c) Find the modulus and principal argument of,

Z=[\/§+1J”

1+i

and hence express z in modulus — argument form.




05 (@

(®) -

(c)

(@

06) (a)

(b)

If f{z) =u +iv analytic at z==z
equationat z=1z,

o~ Then show that u, v satisfy Laplace’s

o,

Show that
u=xe" cosy—ye'siny function is harmonic.

For above harmonic function find the conjugate harmonic function V and
express u + iv as an analytic function of z.

Evaluate §;dz around the square atz=0, 2, 2 + 2i, 2i.

i

Evaluate j(x +y)z along each of the following paths.
0
() Along the y axis to i and then horizontally to 1 +1.
(ii) Alongtheliney=x
(iii)  Along the parabola y = x
(iv)  Along the x axis to 1 and then vertically 1 +1i.

(i) If ¢ is a circle of radius r and center z, and if n is an integer, determine

the value J‘ -
( )n 1

ks 1 it . 2
(ii)  Show that J. ™ 0do = J‘sm an Bde— ! ( n].’ln
n
0

[Hint: Transform the integral by the substitution z = e” then use the binomial
theorem and the results of part (i)]
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Model Answer 01 — MPZ 4230
Academic Year 2007

(01). (a). Let electric potential at any point = v(x,y)

V:In\[xz-t-yl—l-z2 m% 1n(x2+y2+zz)

ov 1 2x X 3

ax (3""5)=5(x2+y2+z3)_(x2+y2+z2)_50

i\_f; 1 2y B y _ 4

ay (3‘4’5)zg(xz-s-yl-i-zz)m(xz-i—yz-i-zz) 36

ov 1 2z b A 5

gz 104973 (x2 +y? +z"') - (x2 +y2+zz) 50

Then we find direction

Unit Vector n =1 i+-2—j+%1_c
3 3= 3 (26.7)
=n, i+ n, i+n3k n
ov ov ov
Vv.n=—=n+-—n,+-= 1,
0x — oy — 0z — (345)
3,1 4.2 5.2
50 3 50 3 50 3
_—3+8+10_i
150 10

3 2
(). F=Py+xz)i+ [x?—cos zJj+[x?+y sin z) k

=F, i-i'ng +F3 k

OF _ . oF, _ a ok, _
—=X —2=x Z73

oy ox ox

.aﬂ:x? oF,; =ginz aﬂ:sinz

0z oz ay




oF, oF ). (oF &KY. (8 F
Oh 05 | [Bh_05% . |05 o
cuﬂF=[ay az]l [az ale [ax aka

= (sinz-sinz) i +(x—x%)j +x - k

=0

(©. fx,y)=¢€"¥+¢&

of _ 4y -E’E:'f:"+xey
x »
; of of
j EM o.n=0 6_y ](0,0)21
of of
Py =f(0,0 + — |1 B0 +—— |45 (Y=0)
dy \(U-U) dy (0.0)
(2).
1 1 ] k
; o 9 9
ox dy 0z

3x’y x*+1 92°
=(0-0)i (0-0) j +3x*-3x") k
= '

.. F is conservative

F=Vj
3y i+ o) jrot k= 00 g4 20 5,00
‘; - ox dy = 0z




g_g = x3 nal (2)
B 92k e (3)
7z
By (1) 2 =32y
3 3
b= :; L f(y,2) e (A)
o _ s, 8.2
ay ay
By(z) x3+1=x3+m
1= HGn2)
oy

Sy, D) =y+ (@)

By (A) X'y + ¢ =y + g(z)

- 8¢ _2g(z)
0z oz

By(3) &2 oy

, 3
o(2) = 9_:_=3z2 +c

‘-.¢=x3y+y+323+0

B
" work done = _[ fdr
A

@i + (D) 497K)

1

. (dxi +dyj +dzk)

A(0,0,0)

B{111)




B
=J- 3x2ydz+(x3+ 1 dy+9z2 dz

B

=T d(y’+y) [ 97 dz
A A

[y +y] o +[32 o

(0.0.0) (0.0.0)

l

=(1+1)+3-0
=5
method 2

r=xi_+yj+zl§ (2“!1)

= 11 4- '+
r=ti +tj +tk o

1
Ell““"i+j+1<_ (0,0,0)
at -~
| Far

L]

[ Fd(x?i+yj+7k)

(3xy i+ +1) j+92'K) . (xi+yj+zk)dt

il
Lt S

1
= [3¢ 1+(8 +Dj+977k . G+i+h) .dt
\)

]
j'4t3 +9t +1 dt
0

= [t4 +3¢° +t]10

=35




(03). L

B &,

V =1/3 ar’h

Surface area S

S=2nrl +nr (P +hH) 72 x 2

e (1)

Volume V

V=l + Gm! J i J— )

We have to find out maximum value of V subject to the condition given by (1)
Consider the function

F(r, C,h) =nr’ ¢ +%nr2 C+A[@nr £ +2rT P +h)R-8)

=nr (£ + 2%)+27m:r[f + (@ +h)"? - AS]

The value of £ ,r,h that make V stationary are given by,

%:0:}Tﬂz+2mh"—”0 [or=0]
T+2L =0 man (3)
A=

oF

~-=0=2m (£’+2%)+27\.nf+27\.n.%.2r(r2 1) " 2( 4107 an =0

2AL+2r (£ + 7—%) “+ —--2?"r1 7 +2(r2 +h? )}5 A =0 (4)
r +h2) :
oF

=0= m23+2m-l— _zh(r2 Hﬁ)”5 =0
oh 3 2







(4) (a). put z=x-+1iy
Then equation becomes
x+iyy=x -y +2xyi=1+1
Comparing real & imaginary parts
#—f=1

2xy=1

Hensx#0andy= 21 consequently
X

X% - [Lj =1
2x

Sodx*—4x*-1=0

2_ 4++/16+16 1++2

X =

Hence the solutions are

_ V2
=

(). c+is=1+(cosB+isin®) +........+(cos (n-1) +isin(n—1) 6}
=1+e%+............. +¢l-ho |
=l+4z+....... + 2" - where z=¢®
=11+Z ;ifz = 1. ie 6 = 2km

-z




0, .. f . sin2®

.: = [cos (n—l)-2~+151n (n—l)a) sin-E-,}

f‘ .

] The result follows by equating real and imaginary parts
1 it

€) |z|=- 7 F=2"

L |1+1] (ﬁ)

l

I Argz=17 Arg [\Efl]

1+1

—[Arg (3 +1) - Arg (1 +1)]

~17 [E_EJZ—NR
6 4 12

Hence Argz= [_17%
12

) + 2km , where k is an integer.

Weseethatk=1 and hence Argz= %

2" (cos lE+isin11E)
2

Consequently z =
1 Y 12 12

(3). (a). Iff(z) is analytic then
du ov du ov

2 2
le_:. 5V _______________ (3)
gy o0x
a*u v
(). dw.r. il 4
(2). dwr.y &y  8xdy )
@+@ 28080
ox* oy




Similarly \:"" =
ox~ 0
cu x c .
(b). Ex—= (1+x)e"cosy—ye siny
&’ x X .
Fvele (2+x)e"cosy—ye'siny = ---mmeeeee- (&)
? =-xe'siny—¢" (siny+ycosy)
y
d’u X < .
o =-xe cosy- € (2C08y—YSiny) —mwemmmcmmnann (5)
(A) & (B) a;f+&—f=o
ox® oy
(c). %z? = (1+x)e* cosy—ye"siny
j dv= _[ (1+x)e*cosy—ye*siny dy
v=-¢" _[ ysinydy+(1+x)e*siny
v=-g" [-y cos y + sin y] + (1 + x) €* sin y + f(x) ~———-- (A)
G __v_ —xe* siny—e*(siny+ycosy)
oy ox

V=-I xe*siny dx -I e*(siny+ ycosy) dx

v=(xe"—¢") siny +¢&" [sin y + y cos y] + f(y) —mmmmee (B)

Comparing (A) & (B)

v=xe'siny+ye*cosy+c




;_%%
z=x—1y =u+iv
x=0 x=2
A y=0 8
u_du_ u__ov
i ox oy dy  Ox
4 z is analytic

(i)g dz=_[ Edz—!—j Edz+j Edz-i-J- z dz
. DA

AB BC cD
z 2 \] Q

=I X dx +I (2—iyn dy+_[ (x—2i)dx+[ —iy i dy
0 1] 3 2

0

172 . 273 2 0 .2
Z) +i 2y—91— | —oxi| +i 2
2 |, 2 1, 2 2 2 1

=2+ (4i - 20) + (-2 + 4i) + 20

=8

| ©06). @ (. raghay | Z=x+iy
! dz=dx+idy
1 .

: —

g P ! Real

1+

: j (x+y)dz=j (x+y)dz+§ (x+y)dz

5 i FQ QR
|

! I 1dy+_[ (x +1)dx

o

10




(ii). z=x+1iy
Zz=X+ix
z=x(1+1)

dz=(1+1i)dx

1+i

j (x+y)dz=

0

(x+x)(1+1)dx

S ey —

0 t—m—

2x(1+1)dx

_ NE
o]

=(1+1) (1)
=(1+1)

(iil). z=x+1iy
z=%x+ix>

dz_ (1 +2xi)dx
dx

1+

| ry)={ x+x) (1 +2x0) dx
0

0

1
= [ (x42xi+x*+2¢° D) dx
0

3

_ o
2 2 % 2t
2 3 3 4

0

(1 21 1 i}
= —4+—+—+—
2 3 3 2

11




1+

(iv). I (x+y)dz= I X dx+j (I+yidy

' n riemde
Then dz=rie® d0 ; and the integral becomes j TR
4]

If n=0 thisreduce to

A
do=2m

If n#0 —- | (cosnb~isinng)do=0
T

(i) let z=4g®

dz =ie® do

dz =iz d@
.

8=~ dz = e (1)
1Z




e10 + e—lﬁ

Thencos 6 =
2
e’ +%i9
2
1
Y ,
9 \
(1) & (2) substitute
)
Ix amw | Z2+— dz
_[ cos“GdG:J lz" &
0 0 2 iz
2n S N\2n
¥ 1
= J- TR (Z-l-l] dz
y 27z z
1 2n 1 5 " 2n-1 Ik 1 In
= —z e 2T . +e, 2 4 al dz
22“1?[ Z{ l ' [zj }
1 % 1 an-1
= I 7 4 ez e ez +[_] dz
27 5 Z

Using part 1

In
0 FA n

2K 2 ' P 1 2n
I cos™ 0dO= I sin® @ d8=—- 2
0
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