MPZ 4230 - Assignment No. 03 — Academic Year 2007

I. A function f(x) is defined on the interval [-m, =] by

. -7 : xel[-w0
fx) = [ 70,
L X X e [0,7]
Show that the Fourier series expansion for fis given by
; T2 cos nx - 3in nx sin nx
flx)=-—"-= —+3). >3
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Hence deduce each of the following
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What is the sum of the series
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: 2. Find the Fourier series of the periodic finction £{t) of period T.
f f)=-1: (-1 <t<0)
: 2t (0=t<])
Assume that

. 1 . X
i Ix sin ax dx = —ysinax ——cos ax+¢
a a
&T=2
3. Find the Fourier series for following

a). A string of 2L plucked at the right end and fixed at the left. The functional form of this

X
contiguration is f{x) = —
= *) 2L

th
b). (i). A symmetric triangle is pinned an x distance, which is ( %n) of the distance L. The

displacemerit 4 function x is, then
r
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ii). Then taking m = 2 gives the Fourier series as below f{X) = —8.‘,- Z ( Sm(nnx) S
T p=1a.s

4. Suppote ¢ large lake form by damming a river hold initially 100 millions galloons of water_
because a near by agriculturul held was sprcad with a pesticide the wnter has b'..en;_
contaminated. The concentrauon of the pest1c1de has been measured and is equai to 35 parts
per millions gallons (35 x 10°* ppm) The river continuously flows in to the lake at a rate of
300 galloons per minute, The river only slide contaminated with pesticide an has .

concentration of 5 x 107 ppm. The flow of water over the dam can be control and is sef g
400 gallons per minutes.

). How long it will be before the water reaches and acceptable level of concentration is 5 >:-:
10 ppIn.

b). The flowing rate of water is 400 galloons per minutes and the out following rate is 450 :

galloons per minute and 4ll the other given data remains same. What will be the
concentration of the tank after 450,000 minutes? ;

5). An R-L circle t has an emfis 3 sin 2t. A resistance of 10 €2, Induction of 0.5 H and un initial
current {5 6A, find the current in the circuit at any time t.

6. a). Find the radius of converpence of the series
X n-K['l
l)' Z -jn+1
n' x"
ii). Z

b). Evaluate by means of Taylor geries expansion the tollowing problem ofx=0. 1,0.2 to fcmr
significant ﬁgur%

¥ XYY +y* =0 ; Y =1 , V{0 =0
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But f{(x) is discontinuous at x =0
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- f(0) = % [(0 = 0) + O + 0)] = g

From (3); —m=—2 2 L L
2 4 x| 1° 3 5 .

e 1 1

—=l+—+—+......

8 O 25

T 2 cosdx cosdx . sin2x 3sin3x
(). &) =-———|cosx+—F—+—F—+.... +3sinx— +

4 m 3 5 3
Whenx—E;
2

™ 1 T T
fl— == F(—-—O +f —~0] =—

2, 2 2 2

l.tﬁl!af-‘if3 l—l.l—l_— -

2 4 3 5
i’z.——_ l—l.i._l_...... -_..-__}

4 3 5
E-——[l—i+~1~—l— ...... }
4 3 5 7
2 ' ; iin2x  3sin3

(iii). f(x) = ~———[cosx+ 003523}( + cosszﬁx +———} +3sinx - el

[ BN

Ty



f,:_ﬁ[]_i__l_ 1,1 b ]+3ﬂ_+ L N SN
2wl 9 25 49 81 121 N2 W2 52 72 D)
[1 1 1
- M.__+..-,.,._.+__...__
26 10

f[..EJ:-—K:-—E_E-{L_ 1 - 1 + 1 .;..___i|_';|:_1_+ ! !
4 T4 w2 9z 252 4942 V2 2 "5\/-7'\.'4_

=, f? .
..ﬂc.z_\l_'I:l_l_L_}._l__*_____ _3|‘ 1 4 i — 1 — 1 f———
4 ' o 2 72

x L 9 25 49 NAEN N AN A @
1 1 1
TS
(1) +(2)
&)
S 2 PN S S S
4 T 9 25 49
RSN U S S
82 9 25 49
11 1 1 1 1 2
-—— e e —— e —— e — =
9 25 49 81 121 169 16
7 3n 1 1 1 1 i 1 1 1
N=(2) —+—=6|— e | R e — ==
()()24 [\53\/2 52 ?J_ }[261014 ]
57:23(1111111 AN I O
— = =|l+=—=—= F— e ——— J——— l—— = ————
4 2\ 3 5 7 9 11 13 15 200 3 5 7
by part (ii) 5—n=j;[1+l—l—l+ —I—E
4 J2 3 5 7 4
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e

b, = —-%mn;—(:—l)n—)sin [%(m—l)]

T n (rn-—l

N
i~

a ; .
f(x) = ?"4*&[ cosXx-+aycos2x+.....+ta,cosnx+...... + by sinx +b; sin2x +..... + b,

mo{.;f.,__’l(’.j%sm[ (m— 1)] n_"% [2“(m 1)) ..... ]

fx) = -— ?m_i)z (_12),, sin(%(m—l) Jx

m n=| n

oot & ()7 (m
f(x)= = (m—l) “Z; = sm[g(m—l)Jx
(ii). m=2
_ & ()7
f(x) = = (m—l)g 2 sm[m (m 1)}
(n-l) '
f(x)— — Z 2 sm(m}c
n=13.5 2

4). Following data are given
C(0) = Concentration of the pesticide in lake at tlme t(0)=35 % 10° ppe.
V(O) Volume of the lake at tlme t(0) = 100 x 10° galloons
= Input water flow = 300 gm™
rgut = Qutput water flow = 400 grn
Cin = concentration of pesticide in input water = 5 x 10°® PPE
Consider
C(t) = concentration of the pesticide in lake at any time t
P(t) = amount of pesticide in the lake at any time t
V(t) = volume of the lake at any time t

Then oty = 2O 1)

v(t)
Considerer the amount of pesticide in the lake in small time At
Ap = Cin 1ig At — Coy Tow At

11




_c . . PO
by (1) dt Cm Tin = Tout V(t) (2)
but v(t) = v(0) + (tiy - Tow ) t ———- (3)

(3) into (2) @- = Cinrin — out
dt VD +(ril1 _rnut)t

9® _ . . __ TPt
dt T vy (g, T Ot
| 400p(t)
100x10° +(300—400)t
400p(t)
© 100(10° —t)
=15x107

=5x 10 x 300 -

=15 x 10
dp(t) + 4p(t)
dt  (10°-1)

LF. (10° - ty* %+4p(t)=(106—t)4x15x10‘4

j ‘d(106—t)'4p(t)ﬂj. 15x10* (106 —ty* dt+ ¢
p(t) (105 —1)* =15 x 10 (10°~ )3 +¢

p(t) =15 x 10* 108 - t) + c (10° - t)*

p(t) = c(t) . v(t)

p(0) =co vo
t=0 p(0)=35x 10° x 100 x 10°
= 3500
¢=3000 x 107%*
c=3 x 107
p(t) = ve (t)

= Vp + (Tin = Tout) % c(t)
=100 x 10°+(300—400)t] x 5 x 10
=(10°—t) x5 x 107

(10°—1)5 x 10% =5 x 107 (10°— 1) + 3 x 10*' (10°— 1)
t=10% min

dp®, P, _
dt Vﬂ +(I'm _rnut)t o
dp(t) p(t)450 = 5x107 x 400
dt  100x10° +(400-450)t

b).

12



dp(t) . 9p(1)

_ -3
dt (2x105—t)—2xm
9 _ 6\
LF. j x0Ty (2x10° —t)
_ 9
(2 x 18-t p(t) =2 x 107 M—l—c

9
at t=0 p(0)=3500
3500=2 x 102 (2 x 10 +¢c (2 x 10%°

3500 = —12- x 1000 +¢ (2 x 10’

3000 _
(2x10"6)
2x107(2x108% -1
p(t) = ( )+ 3000 5 (2 x10°-t)’
8 (2x106)
t = 450000
3000 9
=2 x 107 (2 x 10°-0.45 x 105+ 2x107 —t
pH)=2 x 107 (2 x x 109+ )
3
_ 2x1.55x10° 3;00(:4)(1‘559
8 2°.10
_ 3.ax10
8
=30387.5
o) = p(t) _ 3875
v(t) 55x10
05).

di
Ri+ L. —=vt
at (t)

AL RE_%
dt” dt dt

di .
Ll —| +Ri{o)=v(0
( dtL) (0) =v(0)
t=0 i=6
i(0)=6

di_,

dt '
Li'(0) + Ri(0) = v(0)

. 0)-6R

10y = v(
1'(0) I

L
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05 41 10di o osat
dt

dt”
L (1)
e a

m’+20m=0

m(m+20)=0

m=0 orm+20=0
m=-20

ip = Ae™+ Be°!

ip = o 5in 2t + Beos 2t

%‘TP = 2(c.cos 2t — P sin 2t)

dip
dt*
Fromeq" (1) ;
4(-c sin 2t - Beos 2t) +20 x 2 (a. cos 2t - B sin 2t) = 12 cos 2t

- 4osin 2t - 4P cos 2t + 40 o cos 2t — 40 B sin 2t = 12 cos 2t
Sin 2t (-4 - 40B) + cos 2t(-4f + 40a) = 12 cos 2t

=4 (-o 5in 2t - B cos 2t)

43 +40a=12
-40.-40p=0
4o.=-40p
a=-10B
~4B + (40 x -10B) = 12
-404B = 12

_ 123

404 101
Therefore o =- 10 x;3—=-—3£
101 101

The general solution is o
i(t) =1 +ip

= Ae™ + Be™ + o sin 2t + B cos 2t
= Ae™ +Be™™ +%%sin 2t 3 cos 2t

L 3. '
(0)=A+B =6 )

v(0)—6R

L
i' () =- 20B g™ + 90 cosat+ %sin 2t

i(t) =

i @-208+C-¢
| 101

14



_ 60

20B =
101
=3
101
3
A+B=-—+6
101
A= 609 3 =606=6
101 101 101
_an :
i(t)=6ta”+3'e +—310—sin2t—i0032t
101 101 101
. 30 3 45 1 o .
i(ty= —|——e +—e +10sin2t—cos2t
101 2 2
P +£sin2t——icos.2t
101 101 101

06). (a). (i). Using ration test

‘(n +1)5’ term. (n+1)[x " an
]n"‘terml - 7n+2 : 1'1|Xln
_ (n+1)[
n.2

(o)l ]
n—o n2 2

Thus the given series divergence if |x| > 2 and converges absolutely if |x| <2. Hence it

has radius of converge 2.

ii). Using ration test
(1) term| (g r)fa ™ e
ln"‘term\ - (n+1)rIthl n![x|

n

zm+nh¢afr—

)n+1

15




had

The given series divergence if |x| > e and converges absolutely if ’xl <e. Hence it has
radius of convergence e.

B y-x(y)+¥'=0 ;  yO=1  yY(0=0 ()
Take y =p = y p
Substltute above value to eq” (1)
p-xp’+y =0
y(0)=1
p(0)=0

Taylor series for eq" (2) about x =x( &
whenx=x; = y=y,
2 3 4

Y1=¥o +hyU +%‘1‘Y0 +%1'Y() 1:“ yt){v+ """ (3
using eq” (1) ie y'~x(y')Y +y* =0
when x=x=0 D y=y;=1

Yo~ Xa(¥o) +¥5 =0

Yo-0+1=0= y'=-1

eq" (1) dw.r. tox
Y- (0 2y +(Y))+2yy =0 e )
yo-[2%,%, v +(v5) |+ 2,y =0
"_[0+0]+0=0
Yo =0
eq" (4)d.w.r. to x

yiv_ |:2X{y’ "'.|_(y”) } y _7y +2yy”-+2(yr)2:|=
y" -2x, {y{,y{{' (Yﬂ)z} —2Y0¥5 = 2¥5¥5 +2¥,Y" +2(}’0) =0
Yo =2=0
Yo =0

16



Taylor’s series for eq" (2) about x =xg & whenx=x; = y=y

4
0.1 0.1

y|=1+(0.1).0+( )( D+ ( ) (41) 2

yio.y = 0. 995008333

h" h3 " : mn

y’} Y1 + hp] + _p] +“pf +_p1 + ......

using eq" (3)
Taylor’s series for eq” (3) about x =xp & Xx=X; = p=pi
b'pg b° . b

1 +§Po 41 —Po

pr=po+hpy+

eq" (3)
Py ~XoPp+Yy =0
pp—0+1=0=>p} =-1

(3) dwr. tox

eq" p'-— {x2p p'+ pz} +2yy' =0 ——-(5)
Py —{2%,PoPs + Py | +2¥Ys =0

p(, [04+0]+0=0=p;=0

eq" (5) dwr tox

py—2xpp’ —2x(p')’ —2pp’ - 2p'p+2(y')* +2yy" =0 —
py~2=0
Py =2
_ h! | h3 h4
y2=y1+hp + Ep, ;pl Ep, .......

(0 1)2
yo = 0.995+—(-0.0997)
y2 = 0.9801
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