MFZ 4230 - Assignment No. 04 — Academic Year 2007

1. ' (a). Let M denote the set of ordered triples (x, y, z) of real numbers with the operations of
addition & multiplications

&y, 2+ &Ly, )= +a, y+y, 2+ 7))
CxX(X,y,2)= (2¢c, cy, cz)

Is M vector space? Why?

(b). Consider the vector space R*. Is the subset § of vectors of the form (xy, xa, x3, x4). Where
X1, X2 and x; are arbitrary and x4 < 0 a sub space? Why?

(c). Consider the vector space P, of polynomials of degree < 2. Is the subset S of polynomials
of the form

p(ty=ap+ajt+ (ag+ a;) t* a sub space

2. (a). Answer true or false, & prove

i). Span (v,,yi, v3,v4) =R, where

1 3 1 0
Vi=|2] v;={2], v,=| 0 ; Va=| 1
3 1 -1 1
i1). The four vectors in (i) are independent
X
1ii). In part (i), all vectors, vV =[x, | in span ( VisVa, V3, ¥y ) satisfy a linear equation
X3
. ax| + bxs + cx3 = 0 for scalars a, b, ¢ not all zero
, 1 2 3
| " 1v). The rank of the matrix i 3 11 is 3
011

(b). Consider the following two vectors in R>

1 ~1
vi=13 aIldV2= 4
2 3

1). Find the third none zero vector v3 so that the set v), v», vy are linearly dependent. (explain)
ii). Find a third vector v so that the set V1, V2, V3 are linearly independent. (explain)

3. (a). Tis alinear transformation of R3 in to R? such that
1

ARCEEE I
1 0 -1
2 0 1

).1sT1-17
ii}. Determine the matrix of T relative to the standard bases in R® and R>




o) (IR e

(b). Let W be the following subspace of R’

1] [1] [2] [3
W=comb ||0], [1[, |1}, |3
1] |-1] {0 -3
1][1
i). Show that |0 |,| 1 | are basis of W
1] -1
for i1} and iii) below, let T be the following linear transformation T : W — R?
W, I 0 ~1] |w,

Tl|{w,||=[0 0 0 W,
W, 00 0w

3

wi
for those w = | w, | in R? with belong to W
. W, -
ii). What is the dimension of Range (T)?
ii1). What is the dimension of Ker (T)?

4. (a). The vectorsu; =(1,2,1,0),u2=(3,3,3,0),us=(2,-10, 0, 0), ug = (-2, 1, -6, 2) are
linearly independent in R*. Consider R* as a real inner product space with the Euclide;
mner product, and apply the Gram-Schmidt process to this basis.

(b). Using above vectors verify the theorem [theorem: if uand v are orthogonal vectors

1

inner product space, then ||u +y|r =|u i +|v

5. Prove that eigen values of a 3 x 3 diagonal matrix are the diagonal elements of the matrix

3 2 4
matrix is givenas A={2 0 2
4 2 3

Find
a). Eigen value of A
b). Eigen vector of A
c). Obtain a matrix P such that P'AP is a diagonal matrix.
d). If S = P"' AP , state the special property of S and find s!
e). Using above results reduce the quadratic form Q(x) to form Q(y), where
Q)= 3x2; + 3x23 + 4% X + 4XoX3 + 8X1X3
and Q) =ai Y +ay2+ays

f). Obtain the relationship between x = (xy, X2, x3)’ and y = (¥, ¥, ¥; )'




an
b).
1dn
A
c)
(2).
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(01). (a). Axiom [A 9]

Ifa,b,e C, ueV
Then u(a+b)=au-+bu

Check the axiom [A9] for
a=1,b=2, u=(1,2,3)
LHS.=u (a+b)=3(1,2,3)
=(6,6,9) [ cx, v, 2)=(2c, cy, cz)]
RH.S.au +bu =1(1,2,3) +2(1,2,3)
= (2,2,3)+(4,4,6)
=(8,6,9)

L.H.S.#RH.S.
. Axiom [A9] contradict
- This is not a vector space

W =%y 2tt<0}

we want to prove that

If k is any scalar and u is any vector then ku € w
Letk=-1 u=(1,2,0,-1)

ku=(1,-2,0,1) ¢w

~.w is not a sub space

We what to prove

uwew oxutfw ewforeverye,fek

let Ll=p(t])=t] +ap+ at + (ag +211) tll
v=pl)=tr+ag+taty+(@+a )t

ocU+Pv=ce(t; +ag+aty+(ag+a)t®) +pltz + ag + a 7 + (ag + ay) o)
= (oc ti *+ Bla) + ag (oc + B) + a; (ot + Bta) + (ag +ay) (oo ty® + ocPty?)

Degree of this polynomial {s < 2
- p(t) , is a subspace of py

a). i).
False
Leta (1,2,3)+a,(3,2, ) +a; (1,0,-1) +a, (0,1, 1) = X, v, 2)
Then

aj + 333 + as

23.1 + 2&2 + 8y
3a +ar—ay+ay

o

X
y
z




using this 3 equation, we can’t find a;, a;, a3, a4 four variables

we can’t span (v, Va, Vi, Vy)

(i1). false
D Leta(1,2,3)+a; (3,2, 1)+a5(1,0,-1)+a4 (0,1,1)=0
Then
a+ 333 + a3 =0
.'Za, +.?.ﬂg+ﬂ4 =0

3a1+a3ma3+a4=0

Take one of “a” = t, then find other “a” s

When t vary
a, as, aj, a; have infinite solution
~. given vectors are not independent

(iii). false
ax; + bx, +cx; =0 means

a+2b+3c=0 1 2 3
a
3a+2b+c=0 3 2 1
= b
a—-c=0 1 0 -1
b+c=0 01 1
1 2 3 1 2
3 2 1|R;=R,-R4(3 2
1 0 -1 = 0 2
01 1 01
1 2 3
a 0
0 0 0
Then bj=|0
0 2 4
c 0
0 0 2

ne=0, b=0, a=0

Haven’t non zero solution for a, b, c

(iv}). True
1 2 3
R,=3R,-R,
3 2 1| ° -
A= {0 =
0 1 R, =R, —R,

We can find only one zero value row. Other 3 are non zero value row

sorantof A=3

oS D e

3

4
2
1

R,=R,-2R,

(=R

o QO o =

S oo




(b) (1) Take wVy + BV?. + Yv3= 0 (0:1 '3: Y. # 0)

EvI +Ev2 +v,=0
Y

Y
Vi= "EL‘V] —EV2
Y Y
=i v+ v,

Taking any none zero value for A and 1 we can find none zero v; vector such that vy, v, v
are linearly dependent.

(i). let vi=(x,y,2),v3=(1,3,2),0,= (-1,4,-3)
If v1, v, v; are lineally independent.

0:V|+[3V2+'}lv3=0 Iwhere x=pB=y=0]
Xy zja
1 3 2|B|=0

-1 4 3y
X y z
If v, v, vy are independent then A={1 3 2!=0
-1 4 -3

Then we want to find x, v, z such that 'Al #0
Ex: Takev;=(1,4,1)

1 4 1y R,=R,+R, (1 4 1 1 4 1
’ R,~-R,-7R,
A={1 3 2 = 01 -1 210 1 -1
=
-1 4 3) R,=R,-R, |0 7 5 00 12

A0
- V3 is a vector, such that vy, v1, v; are linearly independent

(3). (a). We first express X = (x;, X2, X3) as a linear combination of vi=(1,-1,2), v»w=(2,1,0),

V3= (19 1: 1)
Tk vi +ka va+ kg v3) =k T (v)) + ky T(vs) + ks T(vs)
(xls X2, Xj) = k] (1! '13 2) + kl (2: 1: 0) + k3 (ls 1! 1) TmmmmEmmee (A)
Comparing
X|=k[+2k2+k3 -------------- (1)
x=-k + kg R TR — (2)
=2k +k ~rmmmmne e (3
(D-2x(2)

X1 — 2X3 = 31(; - k3
() + (4 x—2x; +x; =5k

Ki= % (%) —2x3 + x3)

3
ﬁ — _.._m—-§




A
I

(-2%; + 4xy + 3x3)

th|—= th|m—

(3% — %2~ 2x3)
by (A)
1
(x], xz, ){3) — ‘g (x[ - 27{2 +x3) (1, ..1, 2) + ‘;‘— (3}(, *x2_2X3) (23 1: O)
+ % (_2){, +4X2 + 3X.3 ) (1, 1; 1)
Thus

T(Xla X3, x3) = g' (xi _2X2 +X3)T(I, 13 1)+ % (3X] -x?.“zx.’!) T (23 1! O)

+ % (-2x) + 4%, 4 3%,) T (1, 1. 0)

]

(=25 x3) (2, 1) + % 31— %2 — 25) (1, 0) + % (2% + 4+ 3x)(1.)

W= th]—

[(2x) — 4%z + 2x3 + 3% — X3~ 2%3 — 2x; -+ 4%, + 3%0), X — 2%+ %3 +'2x2'

4X;;_ - 3)(3)]

[3}{1 —X+ 37{3, 3}(] 6)(2 - 2)(3]

1
S
X, x, 3% —X,+3%;
T\ X,

67-;1 —2Xx,

X3

(i), Let x,ye R}
X=X, Xn %) Y=, ¥, ¥3)
T(x) = T(x), X2, x2) , T(¥) = T(¥1, ¥2, ¥3)

IFT{x) = T(y)

3X, — X, +3x%, 3y, =¥, +3y;
Then - = i
3x, - 6x, -2x, 3y, —6y, 2y,

=Y, X=y2 &%=
..T is one to one

(i).

th|lw i
w




1
[ [Re=Ri-3R, |
=
0
R,=R,+R,

(b) ().

~(1,0,1),Q, 1, -1) are basis of w.

LIS I )

W R = =
o O = O

(w)) (w,~w, 1
). T| w, 0 =(w,—w;)| 0

\Ws 0 0 : .
D1men51on of Range (T) =1 |
(W) W,

If=T|w, |=0 Thenker T=| w,

\Ws3 W

W, —W,

Wy
= 0 =0=>w,=w, =kerT= W,

0 w,
(rank of T) + (nulity of T)=n
1 +nulity of T=3
dimension of ker {T)=nulto of T=2

4. Step 1

I _(1,2,1,0)_[1 2 1 ]
1= - ek B el B el
] V6

6 V6 6
step 2
vom 22 —Proj w,u,
) lEz —proj wyu,

—Proj Witz =y~ (1 . Vv
U —projwiuz=(3,3,3,0)-2 JE(L,_E_,L,()J
6 V6 6

=(1,-1,1,0)
1
vi=—=(1,-1,1,0)
V3

—proj wu,
||u3 proj w,u, "

step 3

Vi<

—proj wy w3 = — (3. v} vy —(U3.vy) va

=(2,-10, 0, 0) _E[__i_l_ J IZ[L __I,L’OJ
D o WY R AN b V. W oA R
2, 1000)+(3630) 2(4, -4, 4, 0)

1,0,-1,0) .

(
(




Step 4

u, — proj wyu,
Va= -
: ! ”u4 —Proj w,u, "

Uy - proj Wi Uz =1uy~ (g . vi) vi — (Ug .va ) v3 — (0, v3) v3
= ('?-s 13 '69 2) + (11 2a 1, 0) + (39 "3: 3: 0) + ('25 O, 2: 0 )
=(0,0,0,2)

_(0,0,0,2)

V= o= (0,0,0)

ii. Take orthogonal vectors v; & v,

2 2 2 %
[vi +v,| = [—l—+~—1—J +[—2—~~LJ +(—1—+~l—] =2
J6 J6) V6 B 6 3
""1"=1 "zlzl
v+ v, |=[vi[|+]v,

Vi, V2, V3, v, are orthogonal vectors. Taking any 2 vectors of Vi, Va, V3, V4 WE can prov
given theorem. e

3-2 2 4
5.a@. A-A=| 2 - 2
4 2 3-A

3-L[AGB-A4]+2[8-2(3-A)] +4 [4+44] =0
(G-R) A -3 -4]+ 220+ 2)+ 16 (1 +A) =0
AT -ON- 124 A 4303+ AN+ 40+ 4+ 16+ 160 =0
A+ 602+ 150+ 8=0
A+ (A +TA+8)=0
A+ +8)(+1)=0
A=-landA=18§
eigon values are -1, 8
(b). when A =-1

3 2 4)(a a
2 0 2(|bj=-1b
. 4 2 3)1c c
§ 4a-+2h+4c=0
B 2a+b+2c=0
; 4a+2b+4c=0

Leta=t; &c=t;
Then b= -.?.tg - 2t3




t, 1 0
=2t =2ty [=t| =2 |+t,| -2 |=tv, +1v,
t, 0 1

v & v, are eigon vectors.

H

L e

LetA=38

1 Sa+2b+4c=0
[ 2a—-8b+2c=0
i B 4a+2b-5¢c=0

' Leta=t;

Then b= "']; t3
2

a
b|=t
c

eigon vector is v;

(c).
1 0 2
8 letp=|-2 -2 1
y 0 1 2
; 1—524
p[=:~§42—5
-2 -1 =2
-5 2 4Y3 2 41 0 2
p’AP=—= 4 2 5|2 ¢ 2}—2 2 1
-2 -1 204 2 3)lo 1 2
5 =2 431 0 2
L VR -2 -2 1
3—-16 -8 ~-16)L0 1 2
9 0 9 (-1 0 0
! =-109 0 |=3]0 -1 0}
300—72 L0 0 8

-1
(). s.s=pt AP .p" AP




Similarly;
s*=p' ANp
also
s=p' AP
s.5'=p" Aps’
I1=p" APS’
PI= Aps™
A'p=ps"
P A—l p=s"

(ﬁ‘). Q(X) = 3){21 + 3){23 +4x% + 4?{3){3 + Bx1X3
2 2
=3x"+tox+ 3X23 -+ 4){1){2 + 4%,%y + 8x1%;

3x, 2x, 4x,

. Given quadratic form Q(x) =[x x2 %3] | 2x, 0%, 2x,

4x, 2x, 3%,

3 2 4 x

=[x xx] |2 0 2|x,
4 2 3| %,




CoC+ 2C,/5




Thus the matrix a is reduced to the diagonal from B. The canonical form is

j‘w‘"z&&

Q=y'By
-5 0 0 v,
=(¥,ynys) | O % 011y,
0 0 =2|LYs
Yy
= (-3y1, % Y3 -2y3) | V2
‘ ‘ Y3
=5y + 45 ¥~ 2y%

= oy +ayh t a3y

Av=-5,a= Y, 2=

i

HE
o
i
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