MPZ 4231 - Assignment No. 01 — Academic Year 2008

01.(a). Ifz=({t)und t= Y show that x —a—iz—=y oz
Xy dx @y

{b). The two sides forming the right angle of a trianglc are denoted by a and b. The hypotenuse is P

If there are possible errors of & 0.5% in measuring a and b, find the maximum possibie error in
calculating

(1). The area of the triangle

(ii). The length of h

02. {n). A rectangular box, upen at the top, is to have a volume of 32 em”, What are the dtmensmn

of the box so that the surface area is a minimum?

(b). A jewel box is to be constructed of material that cost $1 per square inch for the bottom, 332 per
square inch for the sides, und 35 per square inch for the top. If the total volume is to be 96 ¢m?, an

dimensions will mintmize the total cost of construction?

03. LetF(x, v, 2)=(x+2y t42) i+ (2x - 3y~2)j+{dx-v+22) k
(i). Is this vector field conservative?
(ii). Ifso, find o such that F = Vo

04. (i). Find the square root of 8 + 4-/5i
(ii). Show that |a+B [ +]a-pV =2 {Ja [ +|p[*};« and p being any complex number
(iii). Show that arg 2z +arg z =2nn

05, Letu(x, y) = x* — 3xy* — 3x% + 3y%, where (x, y) e R?
(1). Show tliat u is a harmonic function

(11). Find a function v such that f(z) = u -+ iv is analytic
(izi). Express ({(z) in terms of z

06. (1). Statethe Cauchy’s Residue Theorem
(ii). By means of complex integration, show that
Todx 2

1-x* 2

i do

T
®). I 5_3cosf 2

' dz
(iii). Evaluate § —_—
(z—a)
Where 2z = a is inside the simple closed curve c

zt

e

31“* (z"‘ +1)3'

(iv). Evaluate dz ifz > 0 and ¢ is the circle

é

!.
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o1). (@). 22-92 _a_imiz{xy-(ﬂy)y}

H E " 9x at xzyz
_oz 1
at  x?
28z %z )
ox 0Jt
Then 22-82 8t 0z [xy-(x+y)x
_9z -1
at 'yz
dz 0Oz
oy ot O
By (A) & (B)
20z 02
adx ay
xza—z—:yz_a_?_
ox dy
(b). Area of the triangle = A = % ab
By Chain rule
0A = -a—é. 83.{_% &b
da ab
= lb Sa‘—l—l adb
2 2
6Ax100=lb.a.a—ax100+la.b.&x100
2 a 2 b
=-1-ab><0.5+lab 0.5
2 2
1




oA DA

—x100= %x100=0.5+0.5
A 1

o ab

—5—{‘-x100=1
A

maximum possible error in the area of the triangle is 1.

i, 1= Ja® 40’

5h=—‘?—ll da+ b b
a a
2a 2b
= — dat+—— 8b
2 \Ja? +b’ 2 Jal+b?
6hx100 = a . 92 100+ b. b 100
a’ +b’ a al +b’
a’ b2
= 0.5 + 0.5
a? +b’ (32 +b2)
= 05 (32 +b2)
a?+b?
=05 a2 +b? =05h
Sh =100 ~05
h

Maximum possible error in the hypotenuse is 0.5

(02). (a). Let X, ¥,% be the length of the edges of the box in cm.
Then we have
xyz =32
Denote the surface area of the box by S. Then
S = xy.—l- 2yz + 2XZ
64 64

Since 2.'-"—-%:—2- Then S=xy+—+—
Xy x Y




Os _, 64
dx x?
0s 64
—_———
oy ¥
Thus the critical points occure when
—G—j =0, x -%= 0
X y

Or equivalently, when

X’y =64, xy’ = 64
Dividing these equation givens |

X =64

x=4

Thus we have just one critical point, at which x=y=4andz=2

2 2 2
Now Azl as_[ 8s J

ox* 0y* \0x 0y
s
X Y
and 25128
X’ x

Thus the point is a local minimum and it follows that the dimensions 4cm, 4cm, 2cm V

gives minimum surface area.

(b). Let the box be x inches deep, y inches long, and z inches wide where x, y, and z are
all positive. Then the volume of the box is v = xyz and the total cost of construction is

given by

c=lyz + 2(2xy + 2xz) + S5yz
=06yz +4xy + 4xz

You wish to minimize ¢ = 6yz + 4xy + 4xz subject to v = xyz = 96




The lagrange equations are
Cy=Avy or 4y +4z=2Ayz)
Cy=Avy or 6z +4x = A(xz)

C,=Av, or 6y 4x=2A{xy)
And xyz=96. Solve each of the first 3 equations for A, you get

dy+4z _ Gz+4x _ 6y +4x _ %
yz XZ Xy
By multiplying across each equation, you obtain
4xyz + 4xz’ = (Syz2 + 4xyz

4xy2 +4xyz = 6yzz + 4xyz

6xyz + 4x%y = 6xyz + 4x%z
Which can be farther simplified by first subtracting the common Xyz terms both. Sides o

each equation to get

4x7? = 6yz2”
4xy* = 6y°z
4%’y = 4%’z

By dividing 7 from both sides of first equation, y* from the second and x from the third,

you obtain

4x = 6y aﬁd 4x =6z and 4y=4z
So that-y = -i—x and z= %x , substituting these values into the constraint equation.
xyz = 96 , you first find that |
x[-i— x](%— x] =96

ix3 =96
)

x =216

50 x=06

andtheny=2z = -';—(6)=4'




Thus the minimal cost occur when the jewel box is 6 inches deep with a square base, 4

inches on a side

Then
8¢ 276x2
ax? x?
d%c  384x2
dy ¥
2
a 034
dy
Am 8*c 8? _ d%c
ox* oy \9xdy
Aeagy>0
2

And 2850

Jdx

.. This dimensions give the minimum total cost

Method II
(b). Letx, v, z be the length of the edges of the box in cm
Then we have
Xyz =96
Denote the total cost of the box by C, Then
C=yx +4xy +4xz + 5yz
= fyz + 4xy + 4xz

Since z = % then
Xy :

96x6 96 x4
+4xy +

C=




dc - 384

ay Y

Thus the critical points occur

sy-P_0 & L
Xy = 144 xy* =96
Solving these equations we can get
y = 64
y=4
Then x = 6
Thenz =4

We have only one critical point at X = 6,y=z=4

2 2 2 2
NowA=ai.acz— g’c
ox° 0y dx 0y

Agan >0

1

And 2250
ax’

. The point is local minimum and it follons that 6 cm, 4 cm, 4 cm gives the minimum

total cost.

(03). (1). Ifcurl F= 0, Then F is conservative vectors field.

i j k
curel F= —_— _Q_ __8_
. 0% oy 0z

x+2y+4z 2x-3y-Z 4x_-y+22

-1+1) i_+(4—4)i+(2—2)g
=0

- F is conservative vector field

(i), F=V¢




o¢. d¢. 0
(x + 2y + 4z) i+(2x-3y—z)j+(4x——y+22)g=£1+a—34+—a—i)1{_

L S ) g-i’czx—:ay—z --------- )

o y

Let ﬂ=x+2y+4z
0x

I 6¢:I (x+2y+4z)x

2

¢=%+2xy+4xz+f(y,z) ------------ (A)

Differentiate w.r. to y

oy oy

Comparing eq" (2).

0¢ 91(y,z)

—=2x-3y—-z=2x+
dy . oy

3yz= 3 f(y, z)
ay

| GBy-zay={ a1(v.2)

3y? '
%—zwg(z) =£(y,2)
f(y, z) substituting (A)
2 2

o=y raa-"Lzyrg@) e B

Differentiate w.r. to z

24y, 280
z oz

Comparing eq" (3)
8¢ 0 g(z)

— =4x-y+2z=4x—-y+—=
dz Y Y 0z




\

g = dg(z)
oz

| 2202= j dg(z)

Z+c=g(2)

f(z) substituting to (B)

2 2

d = %—+2xy+4xz- 31 —zy+22 +c

(04). (). Let z=8+4+5 i

= /87 + 445 [§—+ﬂ—§-1J

12 12

2 =1 (cos(8 + 2nm) + i sin (B + 2n7)

V7= J;[cos(e + jnn]+isin(9 + ;.Im)]

=r (cos(—g + rm:) +1i sin(% + n'n;]

Where r= 12

J5
and 0 =cos” 2 or B=sin" (T
3

(ii). Let o =%, +iy; & Pp=%2 +iy2

|o+B[ + Bl

1 (k1 + iyt) + (o + iy + ] G+ i)+ i) |

= |(x +x2) (N +ydi P+ | (k1 — %2} +i(ys — y2) P

= 2x2 +2x2 +2y] +2¥;

(J@n +x,) +(y +y,) ]2 +(\le —x, )+~ ¥2) )2

7, .2
= x] +2%,X, +x2 4yl +2yY, +y:4x? -2K,X, X AW

~2y,¥; +Y3




=2(x,2 +y,2)+2(x§ _+y§)

=2 (-,fxf‘ +y; )z +2(1/x§ +y§)2

=2 |al +2B[

(iif). Let z=x+iy then z=x-iy
Nowargz+arg_£=arg§z
= arg (x — iy}(x +1y)

=arg (x> +Y))
=arga ; wherea=x>+7vy

Clearly a is positive and real. Leta=rcosd,0=rsin 0 sothatr=a,cos 8= 1,

sinf=0

Sothatr=a,cos80=1,sm8=0

Therefore the general value of 6 = 2nm when n is integer.

(05). (1) Given thatu= x3 - 3::()(2 — 3x2 + 3y2 UDERSR—— ¢ Y

F Differentiate with respect to x, {(A)
| 98 32 32 ¢ SE——, )
¥ s : ox
| S B e
dw.r. tox (1) - =6x-6 SES— )
ox

Then d.w.r. toy (A) Z—u = -6xy + 6y SUU— .
Y .

2

dwr toy(3) -l; =-6x+6 e ()]
dy
2 2
Then 2%+ 2% —6x—6—(6x~6)=0
y* 8y

(ii). Let f{(z)=u+iv is analytic




e

for analytic function

du 0v & du_ av

9x oy 8y  ox
Let 3V _0u

dy 0x

OV 3y 3y _6x

oy

Jav=] (x?-3y? —gx)ay

3y’

v=3Ky s Zobxy ) e ()
" Then let ov _ _ou
ax ay
ov
—=6xy— 6
T y— 0y

[av=] (6xy-6y)ax

V = 6xy — 6xy + f(y) e (2)

Comparing (1) & (2)
V= 3x2y — 6xy— ¥V +c [where f{x)=c
fly)=-y' +e
f(z) = (x* — 3xy* — 3x> + 3y7) +i 3’y — 6xy —Y’)

(if). f(z) = (x* — 3xy?— 3x* + 3y2) +iB3x’y — 6xy -y + ©)
= (x® -iy’) - Bxy? — 3x%yi) — (3x° + 6xyz — 3y’) + ic
= (* + (iy)") — (3xy (y — xi) ~ [3x” + 6xyi + 3(iy)"] + o1
=[x+ iy) O —xyi + (iy)?] 3xyi (Py - x2) -3 e+ iy) + o
= (X +iy) (& — xyi + (iy)* + 3xyi (x +iy) — 3 x +iy) + ¢
= (x+iy) [K" —xyi + (iy) + 3xyi) - 3@ +iy)* + o
=(x+iy) x +iy)’ =3 x + iyl + ¢
=z, 22~322+c:1

=7 (z—3)+ ¢

10




(06).(i). Cauchy’s residue theorem

Suppose ¢ is a positively oriented, simple closed contour. Iffis analytic on and

inside ¢ except for the finite number of singular points zy, z,, z3,

[ f(z) dz= 27&2“: Res,., f(2)
k=1

c

@ii). (a).

Let T 1fzz2

-

When z22+1=0, 2 | .
z==%i

Here, pole z =i is inside the circle.

Then Residue (z—1)
Res f(z) =1

L

J

-

= lirﬁz—)i (Z - i)x 1

oy )

1+2*

—1; 1
= Mgy
Z+ i)
1
2i

The applying canchy’s residence theorem

I d22 =2'rri><i

5 1tz 21
=T
in
.. do
. (b). ! 5-3c0s0
Let z=2g"
ig ~if)

11




dz _. i
—=ire"” =iz
do
Then
T do _T dz/iz
» Jd—cos® o 5-£[z+-1~J
2 Z
_ff dz
in Szmz_i
2
—“-_zhzn dZ
310 (2_3 _l)
3
| 1
I Consider pole z= 3

Then residue Res;, ¥ =1

=1lim [z——l)x —% =_1_
30059 i 3 (Z__I_Am 4

O oy Y

Consider pole z=3

Then residue Res, 3 =23

2 y 1
I[ 3cose =lim, (2 -3)x (—_/X: _Z

Then applying caushy’s residue theorem




dz ; n=2234......

(where z = a is inside the simple closed curve c)

A singularity occuratz=a
Let z=re®

dz = ire'®

Here ¢ enclosed G (z = a) we consider the case when n > 1.

1 F 1.
$ f(z)dz =4 mdz=£ Wme de

= T (ireiﬁ Xreia — a)_n do
o

\ _{n-1) J2°
flre® —a (=1
=1T .
ir(n-1) ]

= [{r(cos 0 +isin@)-a} "™ :En

= {r(cos2n—isin2x)—a}™" —jr(cos® +isin 6~ a) }
1

n—1
__ -l 11
(1’1—1) (r“a)n—l (r_a)n—l
So j; ! dz=0 for all positive value of n other than n = 1.

(z—a)

13




(if). (d).

14




