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01. (1) Let fbe a function defined on a subset § of R, the set of all real numbers, into R.

Consider the following statements about /':
{a) fissaid to be increasing if for each x, y € 5, x <y = f{x) <Ay).
{b) [1is said to be decreasing if for each x, y € §, x <y = flx) > f(»).

Write the meaning of the following.
(@) fis not increasing

(B) fis not decreasing.

(ii) Suppose {s,s,,5,} =S with s <s, <s,. Is it true that, f is not increasing if
and only if /'1s decreasing?

Justify your answer. Explain carefully whether your answer depends on the
assumption that | § | = 3.

‘ 3x+1 if xe[0,1)
(111) Let S;=[0,1]and f,(x)= ,

3 if x=1L
Is f, increasing?
Is f, decreasing?

Prove your answer.

02. (i) a,,a,,a,,...,a,,... is a sequence of numbers which satisfies the recurrence

relation, a,,, —7a,,, +12a, =0 foreachn 2 1.

w2 -+l

It is given that a, = 7. Prove by induction that a, = 3" + 4" for each n > 1.

(i1} Prove or disprove that if fis a function such that | £ is continuous at 0 then /s
continuous at 0.
|

(i1i) Prove that, %(a +b) > (ab)? for each a, b> 0.
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03. A bag contains six blue marbles, eight red marbles and ten white marbles.
(1) Find the number of ways that six marbles can be drawn from the bag.
(i) Find the number of ways that six marbles can be drawn from the bag if two of the
marbles must be blue, two of the marbles must be red and two of the marbles

must be white.

(i1} Find the number of ways that six marbles of the same colour can be drawn from
the bag.

(tv) Find the number of ways that six marbles can be drawn from the bag if two of the
marbles must be of one colour and the remaining four marbles must be of a
different colour.

04. Let (G, #), (G’, +") be groups and let fbe a homomorphism from G to G.

(i) Prove that (a) fle) = e’ where e, e’ are identities of G, G’ respectively.

WA = []'(g)]“l foreveryg € G.

(i) LetKerf= {g € G:flg) =c¢’}. Show that Ker fis a subgroup of G. Show also that
g '(Kerj)g = Ker f for each g € G, where g”'(Ker Ne={ g"xg :x e Ker f}.

05. Let G be a graph with n vertices (where n 2 3) and suppose that 4 is the adjacency
matrix of G. qProve the property that G is connected if and only if every entry in the
matrix A + 47+ 4>+ - - + 4" is nonzero.

The adjacency matrix 4 of a graph G is given by

0001 0
001 01
A={0 1 0 0 1
10000
01 10 0]

Use the above property to determine the connectedness of G.
Is G a forest? Explain your answer.
06. Solve the following difference equations.
(1) fin+2) —4fln + 1) + 4fln) = n2" given that {1)=0and 2) = 1.
(it) fAm)~nfln—1)=n!.

(i) An+2)+ 2fln + 1) + 4n) = 0.




