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Answer Four Questions Only.

(1)

(3)

(i) Suppose (R, +,%) is a ring and M (R)is the ring of 2 X 2 matrices with elements in R
under usual addition and multiplication. Prove that if M(R) is commutative then a = b = 0 far
alla, h e R, ‘

(ii) Suppose (G, +) is an abelian group. Define a multiplicative operation (*) on G such that
every subgroup of (G, +)is an ideal of (G, +,%).

“Suppose R is a ring and 4 is a right ideal of R.Consider I(A)={x€R:xa€Aforallac A}

Prove the following,

- -~ -

(i) I(A) is a subring of R. o
(i) ACI(A). '

(i)

(

Alsanideal of I(4).

\
iv) If S is a subring of R such that A is an ideal of S then'S < 1(4).

Suppose Risaringanda € R.Letl, = {r € R:ra = 0} an'd]é = {r € R:ar = 0}. Prove that I,
isa left ideal of R and J, is a right ideal of R. Let R be the set of all 2 X 2 matrices with integer
entries with usual addition and multiplication and let a= ((1) g) FindIgand J,.Isl, N J,is

anideal of R?.

An ideal [ is said to be a minimal ideal of a ring R if | # {0} and there are no non zero ideals
J (#1) of Rsuchthat] c |.

v

(i) Prove that [ is a minimal ideal of R if and only if the ideal generated by a, (a) = I for all
ael. -
fin Prove that Z does not have any minima! ideals.

+
(iii) Find all minimal ideals in Z,,. You don’




(5) Let R be a commutative ring and let P be a prime ideal of R. Consider the set .
={(a,b):a,b € R and b & P}. Define the relation ~ on S S by (a,b)~(c,d)iffad — bc' € p
(i) - Prove that ~isan equnvalence relationon S.
(i) Consider S/~ = {l(a, b)]: (a, b) € S} where [(a,b)] = {(c,d) € 5: (a,b)~(c, d)}
Define addition and multiplication on S/~ by
(@, b))+ [(c.d)]=[(a+cb+d)]
[(a, )] * [(c, )] = [(ac, bd)].
Prove that these operations are well defined.

(iii) Prove t'hét"(S/»v ,+,%) is an integral domain.

(6) Suppose R and S are ringsand ¢: R — Sisaring homomorphism. State whether following .
statements are true or false. Justify your answer
(i) If A is a subring of R then @(A) is a subring of S.
(ii) if A is an ideal of R then @{4) is an ideal of 5.
(iii) If B is an ideal of S then ¢ *(B) = {a € R:¢(a) € B}isanideal of R.




