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The Open University of Sri Lanka
B. Sc/ B. Ed Degree Programme
Final Examination - 2012/2013

Pure Mathematics-Level 03
PUU1142/ PUE3142 — Vector Spaces

Duration:-Two hours

Date:-18.12.2013 : : Time:- 1.30p.m.- 3.30p.m.

Answer FOUR questions only.

(a) Let V' be a vector space over a given field 7. Use the axioms of vector spaces to show,
by justifying every step, that
if e(u+v)=a(w+v), thenu=w forall u,v,weV and a(z0)eF.

(b) Show that the set R?is not a vector space over R under the operations given in (i) and (ii)
below:

(i) (a, b))+, b')=(0,b+d") ; a(a,b)=(aa, ab),
(i) (a, &)+ (a', B')=(a+d, b+b'); a(a, b)=(a’a, a’b).

(c) Let (a, b) and (c, d ) be any-two vectors in the vector space R over the field R.

Prove that if (a, b) and ('c, d) are ﬁnearly dependent then ad = bc.

(a) Let W, and W, be two subspaces of a vector space V over a field F .
By giving a counter example, show that W, UW, is not necessarily a subspace of V..

Determine conditions under which W, UW, is a subspace of V.

(b) Let V' be a vector space, over the field R, of all functions from R to R .
Let W={f|feV and f(—x)=[(x); forxeR} be a subsetof V.

Show that ¥ is a subspace of V.

(c) Determine whether the set V' = {(a, b,c)la,b,ce Q} is a subspace of R* over R with

the usual operations.
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3 (a) Let Lg be the set of all linear combinations of elements of a subset S of a-vector space V.

Prove that L is a subspace spanned by the set S in V.

(b) Let 7, and W, be two subspaces of R* given by W, ={(a, b, c, d)| b—2c+d =0}and
W, ={(a; b,c,d)|la=d,b =20} respectively.

Find a basis and dimension of each of W, and W, "W, .

(c) Let W be a subspace of all real valued polynomials with degree <3.

Show that the set {1, (2—x) , (3+x2), (4—x3)} is a basis of W .

4 (a) Let ¥ and W be vector spaces over the field F and T:V — W be a
linear transformation. Prove that Ker(T") is a subspace of V.

(b) Let 7, and _’Z"2 be two linear transformations from ¥ into W and ueV,aek.

Prove that the mapping T defined by T(u)=a T, (u)+T, (1) is a linear transformation
from V into W .

(c) By justifying each step, find a linear transformation T :R’ - R’ whose image is
generated by (1, 2, 3) and (4, 5,6). v

5 (a) Let u, v be any two vectors in an Euclidean space E . Define norm of vector v in £ |
()  Simplify {1, (4+30) ) , if (u, v)=(3+2i),
(i) Showthat (u—2y, 3u+dv)=3uf" ~2(x , v)- 8]y,
(iii) “Solve (2w, +w, —w, +3w,, W, +4w, —3w;), if {w,,w,,w,,w,} is orthonormal,
(v)  Prove that Ju+v[ +fu—v[ =2(Ju +uI) forail u,veE.

Hence find the distance between » and v , if they are orthonormal vectors.

(b) Let u=(x,, x,,x,) and v=(y,, y,, y,) be two vectors of an inner product space R’.

Is (y, y) =X, +X,, — X, an inner product in R ? Justify your answer,

2



6 (a) Define the orthogonality of two vectors u, v in an inner product space E .

* (b) Find the set of vectors v=(x,, x,, x,) in the inner product space R’ that are orthogonal

to the vector u = (1, 1, 1) with respect to the inner product (g , y) =uDy’ , where

1 0 O
D=0 1 0
0 0 2

1
(c) Let P, be the vector space of all polynomials with inner product < D g) = J p) qt)de.
-1

Apply the Gram-Schmidt algorithm to the set {1, ¢, £*, £*} to obtain an orthogonal set.
» g



