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Answer Four Questions Only.

1. (a) Let G be a set of mappings where
G={f,|for givena, beR, a=0, f,,;R > R withf,,(x) =ax+b, xe R }.

Let a binary operation * on GG be defined by
fon* fog =(ax+b)*(cx+d)=a(cx+d)+b forall f,, f, eG

Show that (G, *) is a group.

(b) If a*>=e for each element a of a group G, where e is the identity element of G,
show that G is commutative.

2. (a) Let G be a group. Let H and K be sibgroups of G.
(i) Prove that HNK is a subgroup of G.

(i) If ]H | and IK] are relatively prime integers, show that ;H NK = {e}.

(b) Let the set £(G)= {a eG|lga=agVge G} be a subset of any given g10up (r
Show that & (G) is a subgroup of G.

3. (a) Define a normal subgroup of a group G.
Establish the equivalence of the following statements for a subgroup
H of a given group G.
(i) H isanormal subgroup of G,
(i) gHg™ = H foreach geG,

(iii) gHg' < H foreach geG,
(iv) ghg™ e H foreach ge G andhe H.

(b) Show that if 4 is a subgroup of G and B is a normal subgroup of G then -
AB is a normal subgroup of G, where 4B = {x |x=ab,ac 4, be B}



4. (a) (i) Prove that any cyclic group of order # has a unique subgroup of order for each
m that divides #.

- (ii) Find all subgroups of Zi.
(iii) Determine the subgroup lattice for Z,,.
(b) Let G be the cyclic group of order 4 generated by a. Let H = <a2>.

(i) Find all right cosets of H in G.
(ii) Prove that the union of these cosets is G.

5. (2) Let (G,*) and (G',*') be two groups.
If ¢:G — G’ is a one to one and onto homomorphism, then prove each of the

following:
(i) G is commutative if and only if G' is commutative.
(i) An element e of G is an identity element if and only if ¢(e) is an identity element
of G'.
(iii) Let x € G. Anelementy of G isan inverse of x in G if and only if ¢(y) isan

inverse of ¢(x) in G'.

b
(b) Let G= {(a a’) |ad —bc #0, a,b,c,d e R} with operation matrix multiplication.
c

. b
Let ¢ :G — R, the non zero real numbers, be defined by ¢[(a d]j =ad - bc.
~ c

Prove that ¢ is a homomorphism from G onto the multiplicative group of nonzero

T *
real numbers, R .

6. (a) State Fundamental Homomorphism Theorem.
Let N be anormal subgroup of G and let H be a subgroup of G. Suppose that AN is a

subgroup of G. Define the map ¢ by ¢: H — HN/N.
(i) Prove that N is a normal subgroup of HN.

(ii) Show that ¢ is well defined.

(iii) Prove that ¢ is an onto homomorphism.

(iv) Deduce that H/H NN = HN/N.



