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Answer Four Questions Only.

1. (a) Let f be a bounded function on [g,b] and let P be a partition of [a,b].
Prove that L(P, f)<U(P, f).
(b) Let f be a function bounded on [a,b]. Suppose that £ and F, are partitions of [a,b]
such that £, is a refinement of A, and P, has only one extra point than A.
Prove that U(R, /)2 U(P,, f).
(¢) Let fand g be two bounded functions defined on [0,2] and P € P[0,2]. Determine
whether L(P, fg)=L(P, f)L(P, g).

b
2.(a) Let f(x)=k forxe[a,b], where kis a constant. Prove that j f(x)=k(b—a).

(b) Let £(x)= { eé A . Show that j f@)dx=5.

(c) Let two functions f and g are deﬁned on [0,1]. Determine whether
1 1 1
[(F+)x)dx= [f)axc+ [g(x)x.
_0 _0 _0

3. (a) State Riemann’s criterion.

I, 0<x< 13,

) Let f(x)=42, x=M},

3, %Sx<1.

Use Riemann’s criterion to show that f is Riemann integrable on [0,1] .

€[0,1]nQ,

1, x
L =
@kt 7 {o, xe[0,1]nQ".

Use the Riemann’s criterion to show that f is not Riemann integrable on [0, 1].
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4. (a) Let f be a bounded and monotonically increasing function on [a,b] . Prove that f is

Riemann integrable on [a,b].
(b) Let f(x)=sinx for xe [0,% ] Prove that / is Riemann integrable on [0, %J

(c) Is the following statement true? Justify your answer.

If f is a bounded function, which is not monotone on [0,1] (neither monotonically

increasing nor monotonically decreasing on [0,1]). Then f is not Riemann

integrable.

5. (a) Let f be a function, continuous on a closed and bounded interval [a,b] . Prove that f is

Riemann integrable on [a,b].

(b) Suppose f is Riemann integrable on [a,b] and a<c<b. Prove that

b c b
[F@)de=[ £ e+ [£(x)dx

(©) Let f(x)z{:;’ ij?;]] Evaluate [ f(x)dx.

6. (a) State and prove the Mean-Value Theorem for integrals.

(b) State the Generalized Mean-Value Theorem and prove that the Generalized Mean-
Value theorem implies the Mean-Value theorem.

3
(c) Determine the convergence of dx.
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