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Answer FOUR questions only.

1. (a) State the £ — ¢ definition for differentiability of a real valued function at a given
point. ‘

) xzsin(—-), x#0
Let f:R—> R be given by f(x)= X
0, x=0.
Prove that f is differentiable at 0.
(b) Suppose that f is a function and ¢ is a real number such that f is differentiable at

c. Show that f is continuous at c.

(©) Let g(x) 2x, x=20
C (] X)=
& 0. x<0.

Is g differentiable at 0? Justify your answer.

2. (a)Let f,g be functions and ¢ be a real number such that
[c.c+8,)c [DOmn( /) Domn( g)] and both f,g are right differentiable at c.

Prove that f —g is right differentiable at ¢ and (f - g)’+ (c)=fl(e)-g.(c).
X%~ |x -2
64—|x—2
differentiable at x =2 and 4 (2)=3.

Is & differentiable at 2? Justify your answer.

, x22

(b) Let A(x) = { Using the definition, show that /4 is right

, x<2.

3. (a) State the chain rule for the derivative of a composition of two real-valued functions.

x%, xe@Q,

Let f(x)=x"+1 and g(x)= { 0 Also, let A(x) = f(g(x)). Using the

c
) .

chain rule, prove thaf his differentiable at 0 and 4 (0) =0.



4.

5.

6.

(b) Is it possible for two functions f and g with g not differentiable at a point
ceR, fog isdifferentiable at g(c)? Justify your answer.

(a) Suppose that f is a function defined on an open interval (a,b) and suppose that f

has a local minimum at c € (a,b). Prove that if f is differentiable at ¢, then

£1(€)=0.

(b) Let g(x)=x"+4|x| for all xeR. Show that g(0) is the minimum of g, but g'(0
g'(0)

does not exist. Why does this not contradict the result in (a) above.

(a) State Rolle’s Theorem.
Let f be a three times differentiable function on [a,b] and let
f(a)=f"(a)= f(b) = f'(b) = 0. Show that there exists ¢ e (a,b) such that
flll(c) — 0‘
, xeQ __. : o
(b) Let f(x)= | o Using Intermediate-Value property for derivatives, prove
, - e Q.

that there does not exist a function g defined on R such that g'(x) = f(x) for each
xeR. ’

(a) () Let I be an interval, x, be an interior point of / and let »>2. Suppose that the

derivatives /), @, ..., f* exists and are continuous in a neighborhood of x, and

that O (x,)= fP(x)=---= "V (x,) =0, but £ (x,)#0.
If nis evenand f(x,)>0, prove that / has a relative minimum at x,.

(ii) Show that f(x)=x"+1, x € R has a relative minimum at 0.

(®) Let f£(x)=+1+x, xe[0,).
(i) Find the 2™ order Taylor polynomial P,(x) for f(x) at x=0.

2
(ii) Prove that for each x >0, 1+—)-26——%<\/1+x <1+32€—.




