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Answer Four Questions Only.

1. (a) Let (xn> be a sequence of real numbers and let / € R.

State the £ — N definition for limx, =1.
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Using the definition show that lim[
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(b) Prove that every convergent sequence of real numbers is bounded.
Show that if (xn) is a bounded sequence of positive numbers, then

Deduce that the sequence < > converges.
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2. (a) Prove that every convergent sequence of real numbers is a Cauchy sequence:

Let (a,) be the sequence defined by a, =(-1)" (ﬁ-l_—l) for each ne N.

n
Show that (a,,) is not a Cauchy sequence.
Is it convergent? Justify your answer.

n

(b) Is it true that < > is Cauchy, where (x,) and (y,) are two Cauchy sequences

n

such that y, # 0 for each n e N? Justify your answer.

3. (a) Using the definition show that the sequence <4 +(- 1)”> diverges.
(b) Let <x,,> be a bounded divergent sequence of real numbers and let ( yn> be a
sequence that converges to zero. Prove that the sequence (x,, yn> converges to zero.
1+(-1)"
2n

Deduce that <— > converges to zero.
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4. Prove or disprove each of the following:
(@) If (x,) and (y,) are two sequences such that (x, ) is a bounded divergent sequence
and (y,) is a convergent sequence then (x, +, ) is a bounded divergent sequence.
(b) Let (a,) and (b,) be sequences of real numbers such that lima, =co, limb, = —oo.
Then li'11n a,b, = —o.

(c¢) Every oscillating sequence is bounded.

(d) At least one tail of <xn> is Cauchy, then the sequence <xn> is Cauchy.

(e) If > a, and »b, are positive-term seriesand D a, diverges, then D (a,+b,)
n=1 n=1 n=1 n=1

diverges.

5. (a) Prove that whenever the root test is inconclusive with regard to the convergence of a
series of real numbers, the ratio test is also inconclusive with regard to the
convergence of it.

(b) Stating clearly the tests you use, test each of the following series for convergence:

0

= nl > 2+ cosn 1
@ Ze— (i) 2 3" (iii),; n++n-1

n=1 n=1

© n 0 20
@) 32 W X

v 2" +3" = k!
k

. . X
(c) Find the values of x for which the series Z_T converges.
k=0 v+

6. (a) Let Z a, and an be convergent series. Prove that Z (a,-b,) is a convergent
=1

n=l1 n=1

series and i(an -b,)= ian —ibn.
n=1 n=l1

n=l

(b) Prove that the absolute convergence implies convergence of a series using the
following steps:

(i) Show that 0 <x+|x|<2|x| for every real number x.

(ii) Use the Part (i) to show that if i[an| converges, then i(an +|a,|)  converges.
=] =1

(iii) Use the part (ii) to show that » a, converges, if > la,| converges.
n=1

n=1



