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Answer Five Questions Only.

1. (a) Letz, =e™® wheref €R and 0 < 8 <7 Show that lim,, ___ z, exist only

when 8 = 0.
(b) Show that (z1® — 1) = (2> — 1) [T} -, (z* — @,z + 1), where @, = 2cos (E.:)

=3

fork=1,2,3,4.

2. Let f(z) be analytic in a region G. Show that

(i) if f'(z)=0 in G, then f(z) is constant in G,
(ii) if Imf(z) is constant in G, then f(z) is constant in G,
(iii) if |f(z)| is constant in G, then f(z) is constant in G.
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3. (@ Let(1—z—23)"t=F"  F z" Prove that Fo=F=1, F,=F,_4+F,_,.

Show that F, = :}g[(lh@)”*l B (l_\_g)w-i} |
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(b) Let (2) = r:_—i}i‘:; . Find the Laurent series expansion of f(z) in each of the

following annuli:
MHi<lzl<z, Glzl >2, (i)o<lz—1l<1.




. (a) State the Maximum Modulus Theorem.

(b) Find the maximum value of |z + 3z — 1] in the closed disk {z|z € C, |z| < 1}.

. (a) State Rouche’s Theorem.

(b) Prove that all the roots of z7 — 5z% + 12=0 lie between the circles |z| = 1 and |z] = 2.
. (a) Find the singularities of the function _7—1——7? Classify each of these as isolated
sin = cos—
Z Z

singularities or non-isolated singularities.

(b) For each of the following functions find the isolated singularities. In each of the isolated
singularities find the Laurent series expansion around that point. Hence classify those

singularities.
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. (a) Evaluate j —2—2——1————dz, where C is the circle with radius 3, centered at 0 oriented

e (z +2z+ 2)

counterclockwise.
(b) Use the method of residues to show that] ] - 0= ZE
v S+4siné 3

. Use the method of residues to show that,
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1 -—.:-—-—,—T—de = where a, b > 0.
(i) fo (2% a®)(x?+p%) 2ab{a+d) ’ d

s e i (2u)in . it .
(i1) f_m o dx = P where 7 is a positive integer.




