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Answer FOUR questions ONLY.

NOTE: Throughout this paper C denotes the set of complex numbers, R denotes the set of
real numbers and Z denotes the set of integers.

1. (a) Let z € C such that Iz > 0. Prove that /m(z7!) < 0 and Im((z)"!) > 0.
(b) Prove that 22 € R if and only if z is pure imaginary or z € R.
(c¢) Find z € C such that
i. Re(2(1+1)) + 2z =0,
ii. Re(2%)+iIm(z(1 + 2i)).= ;3.
2. (a) Let 2z € C. Suppose that |z| = 1. Prove that
i |22 -3z+5< ¥,

ii. |2°—6] > 2L

(b) Let z € C and a € R such that 2z # a and |z| = a. Show that 1,(ng> eR.

(c) Let 2 € Csuch that |z—3—i|=|z—4—2i| and |z —5 — 7i| = |z+ 1 +1|. Find 2.

3. (a) Find all the complex numbers z such that arg(z + 1) = 7 +2nm, n € Z and
arg(z—1) =3 + 2nm, n € Z.

(b) Suppose 21,29 € C and z # 2 such that |21 + Z2| = |21 — Z2|- Show that
arg(z1) +arg(z2) = £ + 2nm, n € Z or arg(z) + arg(z) = w2 o 207, HEZ.
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(c) Let z € C. Find the locus of Re(‘;;:) =1,

. State the De Moivre’s theorem for any n € Z.

(a) Write the complex number (1 + i)(v/3 + 1) in polar form and hence deduce the

values for cos (35) and sin (32).

(b) Evaluate [(v3—1)+1i(v/3+1)] -
(c) Evaluate (—81)3. Deduce the list of complex numbers for (—81)%.
. (a) Let z € C. Prove that |e*| = 1 if and only if z is pure imaginary.

1 _ 4=2 6
1—(eW/2)] = 5=#cosg fOT aNY 0 € R.

(b) Show that Re[

(c) Let z € C. Solve 1sin2z — sin z + 2i(1 — cos z) = 0.

. Let z € C.

(a) Show that the complex number 2 + 3i is a root of the equation
2t —122° + 6222 - 1722+ 221 =0. et

Hence find all the roots of z4 —'1223 4 6222 — 172z 4+ 221 = 0.
(b) Find all the roots of the equation logz = (12%)i.
(c) Evaluate

i (1-i)m,
i (1 — )1+,

The End.




