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Answer Four questions only.

10n-1
50-n?
léast upper bound. Find whether the sequence is monotonic. Justify your answer.

1 (a) Prove that the sequence ( ) is bounded. Write down the greatest lower bound and the

(b) Let a, =n — 1 —vn? — 1. Using the definition of convergent sequence, prove that the
sequence {a,) is convergent.

(c) Suppose the sequence {b,,) is convergent and the set {b,: n € N} is finite. Prove that
there exists ny € N such that b, = ¢ for all n = ny , where c is a real number.

2. Let a and D be positive real numbers. The sequence {s,,) is defined recursively by,
S1=4d, Spp1 = %(sn +52) for neN.

(i) Prove that s,y = VD for n > 2.
(ii) Prove that s,,,1 < s, for n = 2.
(iii) Deduce that (s,,) is convergent and find its Jimit.

(iv) Prove that {s,) is a constant sequence iff s; = VD .

3. (i) Show that the sequence (Zﬁ_l ﬁ) is hounded abave. (Recall that 01 = 1)

n
(ii) Show that the sequence ((1 -+ ;1;) )is strictly increasing.
(Hint: consider ¢, = 1 + % fork =1,2,3,..n and ¢,,,=1 and use the arithmetic

- . 1 ‘ L .-
geometric inequality — (c; + 2+ o4 Cpar) > (€162 .. Cypq )it for positive reals
€1,C1re Cria o}

(iii) Show that the sequence { (1 + %)” ) is bounded above.
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4 (a) Prove that the geometric series ¥,y ar™ " converge iff |r| < 1.

(b) Let 7 be a real number such that 0 <r < 1and m € N.
Provethat 0 < r™ <

m(1-r) "’

=

(c) Provethat %%, +1) > -, forany n €N. T
n

Deduce that Zi=1 -2 1+ forany m €N

N

5 (a) Find whether each of the following series is convergent or divergent. Justify your answer.
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r"*1 niseven

1.
r* 1, nisodd and 0 <7 <

(V) Xm=1 Gn , Wwhere a, = {

6 (a) Find the lim sup and lim inf of each of the following sequences.
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(b) Find the radius of convergence of each of the following power series.
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