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Answer FOUR questions only.

(¢) Using the convolution theorem, find the inverse Laplace transform of

. (a) Find the Laplace transform of t*¢™* cost.

(b) Find the inverse Laplace transform of each of the following:
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(d) Solve the following boundary value problem using the Laplace transform method:

d’y  dy
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—8y = 5¢",subjectto y(0) =2, y'(0)=1

. (a) Define the orthogonal system and the orthonormal system of functions.

(b) Consider the boundary value problem

a’zy B

i’ tuy=90
y(=2) = y(2)
y'(=2)=y'2)

(i) Show that this is a Sturm-Liouville problem.
(ii) Find the eigenvalues and eigenfunctions of the problem.

(iii) Obtain a set of functions, which are orthonormal in the interval —2<x <2,




3. (a) Find the Fourier Serieso% f(x)=x2_2; —2<x<?2
X 0<x<l

(b) Find the half range cosine series if f{(x)= {ﬂ(2 -x)3hl<x<2

(c) Find the half range sine series if f(x)= e 0<x=<7m
.

4. (a) The Gamma function denoted by T'(p) corresponding to the parameter p is defined by

the improper integral I'(p) = J:o et d,  (p>0)

Compute each of the following:

I'(5)r(4.5)

.. e £
F(2.5) . (i) T'(-4.5) (ii) I[\/;ce dx .
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(b) The Beta function denoted by B(p.q) is defined by f(p.q) = J‘x"“(l —x)"dx,
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where are positive parameters.

Prove each of the following results using Beta function:

o~ o (=D)'T(r+])
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0

s where m,n >0

P 4!
Hence show that j.(x logx) dx = =
0
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5. Let J,(x) be the Bessel function of order p given by the expansion

) w0 ___1 mem
JP(x) =xf Z 2m+p( ) '
27" mll(p+m+1)

m=0

(@) Show that {2472, ]=2| - |
dx X x

(b) Evaluate J.xEJ ' (x)dx.




(c) Express J, (x) in terms of sine and cosine functions.
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(Hin’t ()= }3_ sin x)
3 X

(d) Prove that [J;(x)dx+J,(x) +27x=0
X

6. The Rodrigues’ formula for the n" degree Legendre polynomial denoted by £,(x) is given
p

as

1 d" )
P{x)y=——— n".
n() U !dxn( )

P,(x) is also given by the sum

M -1 - 1 '
P(x)=), (1) (2n=2m)! X7 op=0, 4 2,0,

=2 "mi(n—m)!(n-2m) I
where M =§ or n_;_l_ whichever is an integer.
Using this expansion prove each of the following:

(&) xP", (x) = b, (x)+ P’y (x).
) (1-x*)P', = (P~ F,).
(Hint P (x)=xP', (x)+n > (%), P (x)-P", (x) =(2n+ l)Pﬂ (x). )

©0) P - ”(”; b,

n'(n + 1)

(i) B,(-1) = (1" —5—

1 0 ifm#n
(@) fa=x)E,Bdx =1 2n(n +1)
- 2n+1

ifm=n

where s and » are positive integers.




