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Answer All Questions.

01..(a) Write down the negation of each of the following statements in clear and toncise
English. Do not use the expression “It is not the case that” in your answers.

(i) “Three distinct points lying in a plane form a triangle or three distirict
points lying in a plane are collinear”. I

(i) “If @ and & are odd natural numbers then ‘ab is an odd natural mflrhber and

a+b is an even natural number®. |

(b) Let p and g be two statements, by means of a truth table show that i

A (_ (~pv q)) v(pnq) islogically equivalentto p. _ !

(c) Determine the truth value of each of the following statements. Justify you} answer.

€)) Hm

f—m

sin &

=1 if and only if sin>@+cos? 6> 1. i
!

(i) Foreach xeR, 5% -5 +6<0.

x+y
2 .\Jxy.
5 %)

(iii) ForeachxeR, foreach ye R,

02. Prove or disprove each of the following statements. Name the method o[’.youi“ proof.

(i) Foreach ne N, »* + n+41 is a prime number. !

(i)  Ifthe product of two integers a and b is an odd natural numbér tljlen a isan
odd natural number and 4 is an odd natural number, |

(iii)  There exists 7€ N such that 61—1and 6r+1 are not prime numbers.

(iv)  Foreach neN, 1-1142-2143-31+.. + n-nl=(n+1)!-1.

. N

R,

2 A i ) 0




|
03.(a) Let 4 and B are two non-empty subsets of a universal set {/, prove that
(A% B} (4xC)=Ax(BNC).

(b) Let R be the relation definedon Z by . R if m divides n for all mnel.

m*tn
|

Show that R is not a partial order.

(c) Define R on R by R, if x—yeQ forevery x,y e R. Determine whet;her Risan

equivalence relation on B .

i
04. (a) Use a Cayley composition table to show that the set of functions G = {x,i—x, —I—,—-l}
; xx

i
'
]

under the binary operation of composition of functions forms an abelian group. H ‘ ,V .
(b) Let G be the group of real numbers under the usual addition, and let G’ be the

group of positive real numbers under the usual muitiplication. Show that the

mapping f:G~» G, defined by f(a)=2°, is a homomorphism.

Is it an isomorphism? Justify your answer,
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- Mudel Answer.

01. (&) () “Three d1st1nct points lymg in a plane do not form a tnangle and three d1st1net

points lyingin a plane are not collmear

(i) “qand b are odd natural numbers and abis an even natural number or a+bis

an odd natural nurnber.”

\ ..

(b) Let p and g be two statements Then consider the followmg truth tahle

plaj-p ”.P_Vq ~(pva) p“q ~(~pvq)V(pAq) pA( (~pvq))V(pAq
T T |F |T  |F T . T "T E
7T T [T |F F F F
F |F T T F F F TF ¢

Thus PA (~ {(~pv q)) v p A q) is logu:ally equwalent to p.

The truth values of the column headed by’ pA(~ (~ pvq))v(p/\q) are the

same as the truth values of the column headed by p.

(© @) 1im§lnﬁ:1 iffsin?@+cos?d>1.
g g

11m§1£2—1

B %]

i felse ( lim
9-—)uo

: sind )
=0
3

sin® @ +cos® §>1 1sfalse( siﬁ’@-ﬁ-cos’le:l) .

Therefore the biconditional statement is true.
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(11)er.—‘.]R, 5% 5‘“+6<0
..J'Whenx 0, 1-5+6= =250

Therefore the staternent 19 false

(i) VxR, Vyek, 3‘-*-232’-2\/5 |
When x=~1 and y=—l'

X + y_&D +('-1)
2

\/_ ot B S o

_ Therefore the statement is false.

02. (1) VrnelN; n° +n+41 1spr1me
 When 1= =41; 41’+41+41 41(41+1+1) 41><43 is notprlme

Therefcre we have chsproved the statement uamg counter example

(i) If abis odd then ais odd and b odd.
" Proof by Contraposition. -
If ais evenor b is even, then abis even.
_gﬁ) If ais cven and bis not even (odd)
Then a= 2k and b= 2k +1forsome k k esZ E |

ab = (2K)(2k +1) = 2[k(2k +1)] is even.

Case (11} If ais not even (odd) and b is even,
Then a=2k+1land b =2k for some k k el

ab=(k+1)(2k)= 2[(2k+1)k] iseven.

Case (iii) If ais even and biseven.
Then a=2k and b =2k for some k, i EZ
ab =Kk = 2[k(2k )] iseven. -
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(iii) 37 N such that 6n—1and 6n+1 are not prime. -

When n=4, 6n-1= 23 and 6n+1 25 (not pnme)
That is (6n—1) and (6n-+1) are not pnme

Proof by illustrative example.
(iv) YneN 1.U+2204+334.  +nnl= (n+1)1-=1

k=1

Proof by Mathematical Inductlon Now congider z kkl= (n + 1) -1,

When n=14 1. 1'=(1+1)!—-1 Thus the result is true for =1 .-

Assume that the result is tme for n= p ;
That is ik kl= (p—l-l)'——

Now consider when n=p +1;

| ikk'—ikk7+(p+1)(p+l)!

k=l :
—(p+1)!.—1+(p+1)(p+1)_l_ c
—(p+Dft+p+]-1 -
,=(p+z)1_—1‘- '

« 03. (a) (AxB)r'\(AxC) {(x,y)l(x,y)eAxBA(x, )eAxC}

*{(x,y)l(xeAAyeB)A(xeAAyeC)} -
- ={E|reAa(reBNO} |
' =AxBNC) '

- (b) R= {'(}h, n)| ; m, ne Z Am|n} is not anti—s}ﬁnmetri_cﬁ,
3" 2ez and 2}~ zA-zlz but 2¢~2

Thatis zR-z’\-sz but 2‘#—2 R

Therefore Risnota partlal order
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() R={(x, y)|x,yeR ax-yeQ} =
" R is reflexive: ST
YxeR, x-x=0e@
* Ris symmetric: — . :_ O S
R, = x-yeQ | |
= —(x-y)=y-xeQ
Ristensitive: -
RA R:&x yeQAy -z - :
= E-p+(y-2)=(x- z)EQ

- R is an equivalence relation on R.

04 {(a) G={x,—-x, l,- —l} - Binary 6peration o is composition of functions.
_ PR _‘ B e |

1 1

o X -X - ==
X X
1 1

x X -% —
X x

' 1 1

-x | -X X —— -

1§ 1 1 .

e - x —x

X X X o

1 1 1

-] -~ — -X x

x| x x

From the above Cayley composmon table,
() The operation - satisfies the closure property :
(i)  Since composition of functions i is assoclatxve, o is assoclatlve.
(We could also vernfy this dlrectly from the tab]e)
(iif)  x isthe 1dent1ty element.




(iv)

Pairs of inverse elements are;

{2 o _x},{}c., .1,}{_ L %}

Since the above table is symmetric about the main diagonal,

o satisfies the commutative property.

~. (G,o) is an abelian group.. .

(b) Fi®, D> ®R,%) such'tﬁat fl@y=2°
Take a, be (B, +),then 4

fla+by=2"" =27 x2"

Therefore f is ahomomorphlsm

 Let f(a)=f(®)

2a=2b
a= b' .
flsll

Now take any x € (R*,x) such that f (a) x (eR")

Then 2° =%
=h,x=4a (eR)

- . fis onto.

Sincé f is bijective, and homomorphisrn.

». f is an isomorphism.
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