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MODEL ANSWERS

1 () (4-v5j)° = (4-v5))"x (4—5j)
= (16—-8V5j+ 5j2) x (4—+5j)
= (11-8V5j) x (4—+5j) [ because j2 = —1]
= 44-32v/5j —11V/5j + 40 j?
= 44-32V5] —11/5j—40
= 4—435]

/(4)2 + (43+/5)2

V16 + 9245
96.234

—43y5
arctan (T)

V16 + 9245
87.62°

Magnitude of (4 — \/gj)gis

Direction of (4 — /5 j)gis

Ae}'(wH%) A(cos(wt+§)+j sin(wt+§)

(b) Y = ,
+5j 4+4+5j

A[cos(wt+§) + jsin(wt+%)] % 4-5j
4+5j 4-5j

A[4 cos(wt+§) +4j sin(wt+§) -5j cos(wt+§) +5 sin(wt+§)]

42 452

A[4 cos(wt+g) +5 sin(wt+§)]+ JA [4 sin(wt+g) -5 cos(wt+g)]

41

Real part is = :;1 [4 cos (a)t + g) + 5 sin (a)t + g)]

Imaginary part is j :;1 [4 sin (a)t + g) — 5cos (a)t + g)]

(c) Weknowthat, e/® =cos@ +j sinf



(i)

(if)

2. (a) (i)

(i)

(iif)

z = V= [¢6] = [
ejz(%iZnn) — e—(giZnn)

~ 0.208, 3.88x 10" 1.11x10?% ...(whenn=0.1,2,..)

Z, = [j1e = [l
- o) [8.03 x (%iZnn)]
= cos [8.03 X (giZnﬂ)] +j sin [8.03 X (%i Zmr)]

~  0.999 +0.047j, 0.972+0.233j, ... (whenn=0.1, ...

Periodic Motion or Harmonic Motion: Any motion that repeats itself in regular
interval.

Displacement, x, at a time is given by x(t) = x,, cos (wt + ¢)

Or x(t) =Xxm sin (wt + @)

Amplitude (x,,): Magnitude of maximum displacement of the particle in either
direction.

Angular frequency (w): Number of complete cycles per second.
w= 2?71 = 2nf (Unit: rad sY) where fis frequency.

Phase (p): Phase is a constant and it represents a stage in a cycle that cyclic
motion has reached at a given time.

Velocity - SHM

v(t) = Z—f = - WXpy Sin (wt + @)
Velocity amplitude, v, = wx,,

v(t) = Z—f = - Vpsin (wt+ @)

Acceleration — SHM
d
a(t) = d—: = - w’xny cos (wt + @)
Acceleration amplitude, a,, = wzxm

d
a(t) = d—f = -am cos (wt + @)

Also, a(t) = - w’x(t)

Hooke’s law: Force = - kx and Newton’s second law: Force = ma = - mw?x

Force = - mw’x = - kx
where k is spring constant, and k = mw’



Therefore, the angular frequency (w) is

K ,k
w? == and w = |—
m m

Therefore, the period (7) is

T=2—7T=27T\/E
w k

(b) (i) Displacement:  x(0) = x,, cos ¢ =—8.50 cm (1)
Velocity: v(0) = - wxm sin (@) =—0.92 ms* (2)
Acceleration: a(0) = - w’xm cos (@) =+47.0m s (3)
(3)/(1)  ==> -w’= 47.0 /-0.085

w= |22 =2352rad s’
\’0.085 e
fem = 2220 =3.74h
(i) (2)/(1) ==> -wtan(p)=-0.92/-0.085

tan (¢) = - 0.92 / (0.085 x 23.52) = - 0.46

@ = tan(-0.46)=-24.71° or 155.29°
But, ¢ = 155.29° (See next part for explanation)
(iii) From (1), Xn = x(0)/cosep = -0.085/cos(-24.71)
= -0.094 m

But amplitude is a positive constant. Therefore, ¢ cannot be - 24.71°

Therefore, Xm x(0)/cos¢@ = -0.085/cos (155.29)

0.094 m

(a) Let the oscillations of the spring be along the x axis. Then the spring force and
damping force acting on the mass are:

F restoring = —kx

dx

Faamping = —bv = -b—

damping dt

. d2%x dx

The net force is, Fret =mM— = —-kx -b—
dt? dt

Hence the differential equation of motion for free oscillations of the systemis,

d?x

m
dt?

b ke = 0
dt



d?x bdx k
Or —+——+—x =0
dt mdt m
d?x dx k b
Or —Ztry—=+wix =0 where w, = |— and y =—
dt? ydt 0 0 m Y m

(b) Damped frequency is 0.995 times the w,.

2= 2 —

N

Equation for the damping frequency is w

2,2 _ ,2_ ¥
0.995%ws = w§ "

2_ 2_ Y
099w, = wy — —

4
2 2
Y b
001wt =% ="
4 4m

Therefore, ~ b% = 0.04m?w? = 0.04m?=- = 0.04mk

b = 02vVmk =0.21/0.2 x80 = 0.8kgs™

— 9 _ |k m _ /k_m
(C) Q - y - m % b - b2
,80><0.2
Q= 0.82 =5

Time taken for 4 complete cycle =4 X i—n

o

Y
For damped oscillations, amplitude at any time tis=A(t) = A e 2

Therefore, the factor by which amplitude is reduced after 4 complete cycle is

yt _ _bsm _o8x4m
AQ _ e 2z = e 2mwp = g 02Xx20
4o
=0.081

(d) Decay of energy of a damped oscillation system is

E(t) =E,e "t
Therefore, the fraction of the original energy is left after 4 oscillations is,
= 0.0066
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