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Answer Four Questions Only.

OD). @) Let 6 = (2 “ab) |a.b € R} beaset

(i). Show that G is a group under matrix addition.
(ii). Is the group G commutative? Justify your answer.
(b). (1).Find all subgroup of Zg and draw the lattice diagram.
(ii).Determine order of each element of group in 0, 1, 2, 3, 4, 5 under addition
modulo 6.
(02). (a). (). The permutation o is given by o = (é i 2 3 i g ;), write o as a
product-of disjoint cycles.
(ii). What is the order of ¢?
(i1i). Is o an even permutation ? Justify your answer.
(b). State Lagrange’s Theorem.
G is a group of order 12 and H is a group of order 3. What is the index of H in G.
(c). Find the order of the element (3, 3) in Zg X Zg.
(03). (a). Define normal subgroup of a group G.
Let H < G, then show that following statements are equivalent.
(i).H=G
(ii). gHg™'=H VvgeG
(ii). gHg™* € H VgEeG
(iv). ghg*€H Vg € GandVheH
(b). If H < G such that |G: H| = 2 then prove that H < G.

(c). G is a group of order 11. Prove that G is a simple group.
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(04). (a). If H is a subgroup of G and K is a normal subgroup of G, then prove eacil of the
following.
(1). H N K is a normal subgroup of H.
(ii). If H is a normal subgroup of G, then HK is a normal subgroup of H.
(b). Let G be a group. The normalizer of a set S of a group G is define by
Ne(S)={g€G|gSg™ =S}
Show that N (S) is a subgroup od G.

(05). (a). Let (G, *) and (Go, 0) be a two groups. If ¢: G — G, be a homomorphism and let 1
and 1, be the identity element of G and G, respectively. Prove each of the
following.

(). (1) = 1o,
(i) ¢lg™) = (#(9)) " YgeC,
(iii). ker¢p = G.

(b).Let f:G — H and g: H — K be two group homomorphisms. Show that the function
composition gof:G — K is a homomorphism from G to K.

(c). Let Gand H be two groups. Show that the mapping f:G — H defined by
f(x) = ey is a homomorphism.

(06). (a). State the definition of kernel of a group homomorphism.

Let8: G — Ggy be a group homomorphism.

Let K be the kernel of a homomorphism 6. Define the map ¢: G / Kk = 0(G) by
gK ~ 6(g).

(i). Show that ¢ is well-defined.

(i1). Show that ¢ is bijective.

(iii). Prove that ¢ is a homomorphism.

(b). State and prove Second Isomorphism Theorem.



