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General Instructions

1. Read all instructions carefully before answering the questions.
. This question paper consists of Nine (9) questions in Six (6) pages.
. Answer any Six (6) questions only. All questions carry equal marks.

. Answer for each question should commence {rom a new page.

. This is a Closed Book Test (CBT).

2
3
4
5. Relevant Statistic Tables and equations are provided.
6
7. Answers should be in clear hand writing,.

8

. Do not use Red colour pen.

QL.

a) A tree trunk may be considered as a circular cylinder.- Suppose that diameter of the
trunk increases 1 inch per year and the height of the trunk increase 6 inchers per year.
It is also founded that the diameter of the trunk is 5 inches when the height of the trunk

is 100 inches. How fast the volume of the wood in the trunk increase? - [25%)]
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b)

d)

Approximate +/(3.012)2 + (3.997)2 using Taylor polynomial method. [25%]
Consider the vector force F (x, y) = (4xy — 3x%2%)i + 2x? j- 2x3zk

i. Show that the force F represent conservative field. - [10%)]
ii. Find a scalar potential ¢ such that F = Vg. [25%]
iii. Find the work done in moving a particle of unit mass under this field of force from

the point {0,0,0) to the point (1,1,1). - [15%]

+

State the necessary condition for the function f(z) = u(r, 8) + iv(r, 8) to be analytic.
[10%]

Show that v(r, 8) = r? cos 20 — r cos 0 is a harmonic function. [20%]

. Determine the analytic function f(z)} = u(r, 6) + i v(r, 8) , whose imaginary part is

v(r,8) =17 cos20 —rcos b . | [50%]

Express f(z) in terms of z,where z = e, [20%]

Q3. The study was conducted to identify the updating of ozone levels in California’s South
Coast Air Basin for the years 1981 — 1991. It believes that the mumber of days that the

ozone levels exceeded 0.2ppm depends on the seasonal meteorological index, which is

the seasonal average 850 —millibar temperature. The following table gives the data.

a)

Year Days Index
1981 91 18.7
1982 75 17.8
1983 106 18.2
1984 108 18.1
1985 88 18.3
1986 91 18.2
1987 48 17.1
1988 61 18.2
1989 43 17.3
1990 33 17.5
1991 36 16.6

Identify the independent variable and dependent variable. [10%]
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Q4.
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b) Construct scatter plot for this data and identify the relationship type. [10%]
¢) Confirm the relationship type by correlation coefficient value. [10%]
d) Write the best fit line for the given data. [20%]
e) Predict the number of days if the meteorological index is 16.8. [10%]

f) Following table represents some summary statistics for simple linear regression model
from the above data. Fill in the blanks of the following table. [30%]

Source of Sum of Degrees of Mean Fo
Variation Squares Freedom Squai‘es
Regression 4967.2 1 4967.2 15.888
Residual 28137 | e e
‘ Total 10

g) Test the significance of the regression model at 5% level of significance using above
table. [10%]:

a) The average life span of n = 100 deceased persons was X = 71.8 years. According to
carlier studies, the population standard deviation is assumed to be ¢ = 8.9 years.
According to this information, could it be concluded that the average life span y of the
population is greater than 70 years? The life span is supposed to be normally
distributed.

i, Test the relevant hypothesis at 5% significance level. [20%]
ii. Construct confidence interval at 1% significance level. 120%]}
b) A wine producer is considering using duo corks in place of full natural wood corks to

reduce costs, but he concerned that it could affect buyer’s perception of the quality of
the wine. The wine producer shipped eight pairs of bottles of its best young wines to
eight wine experts. Bach pair includes one bottle with a natural wood cork and one with
a duo cork. The experts are asked to rate the wines on a one o ten scale, higher numbers

corresponding to higher quality. The results are:



Wine Duo Cork | Wood cork
expert
1 . 8.5 8.5
2 8 8.5
3 6.5 8
4 7.5 8.5
5 8 7.5
6 8 8
7 9 9
8 7 7.5 5

i.  Give a point estimate for the difference between the mean ratings of the wine
when bottled are sealed with different kinds of corks, [20%]
ii.  Test, at the 10% level of significance, the hypothesis that on the average rating of

duo corks remains same rating of the wine. [40%]

Q5.

d
a) Consider the differential equation d_icf- =1-—y.

i.  Using Euler’s method find y(0.1) and y(0.2) considering step size 0.1 with initial
condition y(0) = 1. [20%]
ii. Find the actval value of ¥{0.1) and y(0.2). [20%]

b) Applying the Runge Kutta Fourth order method for system of simultaneous differential

d dz
equations d_ic’ = x + z and Pl y* subject to the initial conditions y(0) =2

and z(0) = 1, evalvate y(0.1) and z(0.1). [60%]
Note that: The forth order Runge Kutta method for the function f(x,,, ¥, )is given

bellow in the usual notation.
kl = hf(xm; ym% 1
k, = hf (xm 50y + -é-ki)

1 i

ks = hf (xm by, +-k2)
2 2

k4 = hf(xm + h:ym + k3)

1
Ym+1 = Ym + '6" (kl +2k2+2k3 +k4)
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- Qo.

a)

b)

Classify the elliptic, parabolic and hyperbolic form of the second order partial
differential cquation. ‘ - [10%]

. . Lo g . . du  d%u
Consider the parabolic partial differential equation Fyiaiews and h is the step size

inthe x — direction and k is the step size in the ¢ — direction.

i. Show that the explicit formula for numerical “solution of parabolic partial
. g k )
differential is w4y 41 = rtf—gj + (1 — 21U + Uy, j,where r=ag [20%]

ii. Show that the implicit formula for numerical solution of parabolic partial

. . 1 k
differential 18 w541 = U5 — r[Zui‘ jer 7 Wigg i — ui-—i,j+1]: where r = R

[20%]
Consider the heat equation
du 0*u _

e = <x < <
Erimie 0 0<x<sm, 05t

with boundary condition

u(0,t) =u(mt) =0, 0=t
and initial conditions '
u(x,0) = sinx, 0<x<mn

Find solution for five steps of ¢ explicit method with h = 0.25m. [50%]

Q7. Consider the series RLC circuit, inductance (L) = 50 mH , resistance (R) = 150 Q,
capacitance (€) = 10 pF and voltage (E (t)) = 100 sin 1500t V.Consider initial current

and charge are zero.

a) Find the charge and current at time ¢ of RLC circuit. [90%]
b) Indicate steady state solution of charge. [10%]
You may assume that,
s A

Kirchhoff’s voltage law for series circuit yield
V, + Vg + V= E(t), where

di . Lr, .
VL:LE, VR:LR, VC:Efldt, 1

_4
T dt
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Q8.

b)

Q9.

Consider the vectors v; = (1,1,1),& =(1,2,1) and v3 = (1,3,2).

i. Determine whether the giveﬁ vectors are linear independent ordependent.  [10%]

ii. Write down the vector v = (xy, x,, x3) as a linear combination of VL,V and V3.
[15%]

Consider the basis § = (ﬁ ¥y, Eii) for V5(R), where vy = (1,1,1),v, = (1,2,1) and

v = (1,3,2). Let T : V3(R) — V3(R) be a linear transformation for which

7(m) = (345), T(vy) = (457) and T (1) = (4,6,6).

i. Find the formula for T(xy, x5, x3). [25%]

il. Find T(1,2,3). [10%]

Consider the following linear transformation L : R® - R3,

Lx,y,z) =(x+y+2z2x+2y+223x+ 3y +32)

i. Find bases of the image and kernel of L, and hence determine the rank and nullity
of linear transformation L. [30%]

ii. Verify that the theorem dim[ker L] + dim[range L] = dim L. [10%]

Let Q(xq,%2,%3) = X% + %% + x3% — 223X, — 2xp%3 — 2X%,%3 be a quadratic
function of x4, x, and x3. Determine the symmetric matrix A4 corresponding to the
above quadratic form. [10%]
Find the eigen values of A and its corresponding eigen vectors. [30%]

Find an orthogonal matrix P such that D = P™*AP, where D is a diagonal matrix,

[25%]
Using above results find D™and D™%, where n is a positive integer. [15%]
Derive the quadratic functions of Q{x) = xTAx and Q (y) =y"Dy
Xy Y1 '
where x = (xz and y = (J’z) [10%]
X3 B Y3

Show that P~* = PT, and hence show that Q(x) = (_}:) wherey = PTx.  [10%)]

-END-
- Copyrights reserved —
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Correlation coefficient value.
Yl =0 —y)

r =
\/2?21(95;' —x)* 1O — y)?
Parameters of the fitted model
n . n ,
Z; ~ ?=1yixi — (Ez:l yt?ﬂ(E;:l xl)
| i=1% T
Bo=7-B%
The best fitted line
y= Bo+Pux
Source of | Sum of Squares | Degrees of Mean Fy
Variation Freedom Squares
Regression | S5, = ﬁlsxy 1 MSp MSp/MSgeq
Residual S58res n-2 MSges
= 8587 — Eley
Total S8y n-1
Test statistics when data are normally distributed
X — [y
Z= a/
Vn
Point estimate
a — ?il:l di
n
Sample standard deviation
—\2
La(di = d)

n
SD — =

n—1




Probabilities for the standard normal distribution

Table entry for z is the
probability lying to the left of z

Probability

Z

.00

01

.02

03 .04

05

.06

07

08

09

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
2.0
2.1
22
2.3
24
2.5
2.6
2.7
2.8
2.9
3.0
3.1
3.2
33
34

0.5000
0.5398
0.5793
0.6179
0.6554
0.6915
0.7257
0.7580
0.7881
0.8159
0.8413
0.8643
0.8849
0.9032
0.9192
0.9332
0.9452
0.9554
0.9641
0.9713
09772
0.9821
0.9861
0.9893
0.9918
0.9938
0.9953
0.9965
0.9974
0.9981
0.9987
0.9990
0.9993
0.9995
0.9997

0.5040
0.5438
0.5832
0.6217
0.6591
0.6950
0.7291
0.7611
0.7910
0.8186
0.8438
0.8665
0.8869
0.904%
0.9207
0.9345
0.9463
0.9564
0.9649
0.9719
0.9778
0.9826
0.9864
0.9896
0.9920
0.9940
0.9955
0.9966
0.9975
0.9982
0.9987
(.5991
0.9993
0.9995
0.9997

0.5080
0.5478
0.5871
0.6255
0.6628
0.6985
0.7324
0.7642
0.7939
0.8212
0.8461
0.8686
0.8888
0.9066
0.9222
0.9357
0.9474
0.9573
0.9656
0.9726
0.9783
0.9830
0.9868
(.9898
0.9922
0.9941
0.9956
0.9967
0.9976
0.9982
0.9987
0.9991
0.9994
0.9995
0.9997

05120 0.5160
0.5517 0.5557
05910 0.5948
0.6293 0.6331
0.6664 0.6700
0.7019 0.7054
0.7357 0.7389
0.7673  0.7704
0.7967 0.7995
0.8238 0.8264
0.8485 0.8508
0.8708 0.8729
0.8907 0.8925
0.9082 0.90%99
0.9236 0.9251
0.9370 0.9382
0.9484 0.9495
0.9582 0.9591
0.9664 0.9671
0.9732 09738
09788 0.9793
0.9834 0.9838
0.9871 0.9875
0.9901 0.9904
0.9925 0.9927
0.9943  0.9945
0.9957 0.9959
0.9968 0.9969
0.9977 0.9977
(0.9983 0.9984
0.9988 0.9988
0.9991 0.9992
0.9994 0.9994
0.9996 0.9996
0.9997 0.9997

0.5199
0.5596
0.5987
0.6368
0.6736
0.7088
0.7422
0.7734
(.8023
0.8289
(.8531
0.8749
0.8944
0.9115
0.9265
0.9394
0.9505
0.9599
0.9678
0.9744
0.9798
0.9842
0.9878
0.9906
0.9929
0.9946
0.9960
G.9970
0.9978
0.9984
0.9989
0.9992
0.9954
0.9996
0.9997

0.523%
0.5636
0.6026
0.6406
0.6772
0.7123
0.7454
0.7764
0.8051
0.8315
0.8554
0.8770
0.8962
0.9131
0.9279
0.9406
0.9515
0.9608
0.9686
0.9750
(.9803
0.9846
0.9881
0.9909
0.9931
0.9948
0.9961
0.9971
0.9979
0.9985
0.9989
0.9992
0.9994
0.9996
0.9997

0.5279
0.5675
0.6064
0.6443
0.6808
0.7157
0.7486
0.7794
0.8078
0.8340
0.8577
0.8750
0.8980
0.9147
0.9292
0.9418
0.9525
0.9616
0.9693
0.9756
0.9808
0.9850
0.9884
0.9911
0.9932
0.9949
0.9962
0.9972
0.9979
0.9985
0.9989
0.9992
0.9995
0.9996
0.9997

0.5319
0.5714
0.6103
0.6480
0.6844
0.7150
0.7517
0.7823
0.8106
0.83605
0.8599
0.8810
0.8997
0.9162
0.93006
0.9429
0.9535
0.9625
0.9699
0.9761
0.9812
0.9854
0.9887
0.9913
0.9934
0.9951
0.9963
0.9973
0.9980
0.9986
0.9990
0.9993
0.9993
0.9996
0.9997

0.5359
0.5753
0.6141
0.6517
0.6879
0.7224
0.7549 -
0.7852
0.8133
0.8389
0.8621
0.8830
0.9015
0.9177
0.9319
0.9441
0.9545
0.9633
0.9706
0.9767
0.9817
0.9857
0.9850
0.9916
0.9936
0.9952
0.9964
0.9974
0.9981
0.9986
0.9990
0.9993
0.9995
0.9997
0.9998




t table with right tail probabilities
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F table at 5% significance level

[dm/dfl 1 | oz | s j 4 E s |6 | 1 s | o | 10

|1 1614476 [199.5000 [215.7073 [224.5832 [230.1619 [233.9860 |236.7684 2388827 12405433 [241.8817
(72 [ 1ssi28 | 190000 10. 1643§ 19.2468 | 192964 | 193295 | 193532 193710 | 103848 | 19.3059°
(3 [ Touaso| oss21| 92766| oa1m2| 50135| 89d0s| 88867, 88as2| 88123 | 87855
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