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Answer Four questions only

Question (01)

(a) Using £ — N definition, prove each of the following:
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(b) (1) Let 7 be a real number such that 0 < r < 1 and let m € N. Prove that
0 < +™ < ——— . Deduce that lim " = 0.
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(i1) Let r be a real number such that —1 < v < 0. Prove that lim ™ = 0.
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(iii) Find all values of € R such that { ) converges. Carefully justify your answer.

Question (02)
(a) Prove or disprove each of the following
(i) There is a strictly increasing sequence {a,,} such that {a,;;n € N} = N,
{ii) There is a strictly decreasing sequence {a,,) such that {a,:n € N} = N.
(b) Write down two bounded sequences (x,,) and (v,,) such that for cach n € N, x, <y, and

lim sup x,, = limsup y,, = 1, liminfx, = iminfy, = 0.
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(c) Write down two sequences {x,,) and (y,,} such that lim supx,, = 3, limsup y,, = 5

and lim sup x, %, = 4.

{d) Let {x,,) be the sequence such that, x,, = sin (nf) + cos (%) Find lim inf x,,. Carefully

Prove your answer.

Question {03}
{i) Prove that every Cauchy sequence is bounded.
(if) Consider the Fibonacci sequence {x,,) given by x; =1, x5 = 1, X435 = X, + X4 foOr

each n € N. Using induction show that x,,;,%, — x4, = (~1)"** for eachn € N.

let a, = x—;‘*i for each n € N. Show that |a,, — a,44| < 7% foreach n > 4.
n

Deduce that (a,) is Cauchy. Prove that lim a,, = };—Vfg
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Question (04)
_ < 11 51
(i) Prove that Z = = 50 where N € N, Deduce that Z " is divergent.
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(ii) Find the sum Zm in terms of n. Show tha’tz1 ey is convergent and find the sum.
= r—=1.
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(iii} Letz a, and b, be series of positive terms. Suppose lim —E-)—n- = |, where lis
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(o] o
a non zero real number. Prove that either both Z a, and Z b, are convergent

n=1 n=1

or else hoth Z a, and 2 b, aredivergent.
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Question {05)

Determine the convergence or divergence of each of the following series.
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Question (06}
~ (@) Define the radius of convergence of the power series Z a,x"

Determme the radius of canvergence of each of the following power series.
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{b) Find whether each of the following series is conditionally convergent, absolutely
convergent or divergent.
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