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Answer four questions only

Question 01
(a) Give the definition of each of the following:
f(i) A complex-~ valued functrion f(z) is analytic in an open set of € .
(ii) A complex- valued fui;ction f (z) is analytic at apoinf z5 € C .
(b) Prove or disprove:

If a complex value fanction f(z) is differentiable at a point zy € €, then it is analytic
at Zg.

{c) Prove that the functionu = x* — yi—2xy—2x+3y is harmonic. Find a function A
v such that £ () = u + iv is analytic in C.
(d) Canyou find a function v(x, y) such that 2xy + 3xy? — 2y°* + iv(x,y) is analytic in € ?

~ Justify your answer.




Question 02

(i} Prove that cosz is not bounded in ¢ .
(1i) Solve the equation cosz = 2.
(iif) Find the value of i,

(iv) Find the value of Log(—1 — 1),

Question 03
1 i o1 —1
(?_1} Let f(z) = (z+1) ° 9(z) = (z+3) and h(z) = (z+1)(z+3) ~

Find the Laurent series of
() f(2) when |z| > 1,
(ii) g(z) when |z} < 3,

(iii) h(z) when1 < |z] < 3.

- {b) Find the Laurent series about the indicated singularity for each of the following
tunctions. Classify the indicated singularity of each function as a pole (with order),

removable singularity or an cssential singularity. L T T e
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Question 04
. 2 V , i .
(a) Evaluate cach of the integrals [, |z|°dz and [, — dz, where the contour C is
(i) the line segment with thitial point —1 and final pointi,
(if) the arc of unit circle Tm z 20 with initial point —1 and final point i.

(b) (i) State Cauchy’s Theorem.

(i) Let €, and €, be two simple closed contours such that €, lying entirely
" ingide Cj . Show that if f(Z)is analyticin aset G € € consisting of points on and
between C and C,, then _fcl‘f(z) dz = fcz f(z) dz.

(¢) Evaluate [, E;;:I dz, where C is

. . N N :
(i) the circle |2z~ if = =, oriented counterclockwise,

(i) the circle |2z + {] = %, oriented counterclockwise,

(iii) the square with vertices +1 + i oriented counterclockwise.

Question 05

(a) State Cauchy’s Integral Formula.

COSZ
z{z2+8)

Using Cauchy’s Integral Formula, evaluate the integral dz, where C is

the circle with radius 3/2 centered at 0 , oriented counterclockwise.

(b) Apply Cauchy’s integral formula to cosz with the contour z = e’®,0 <8 < 2n,toshow

that f;n cos {cos®)cosh(sin0)df = 2.




Question 06

(a) Use the residue theorem to calculate each of the following integrals:

5z-2
(D ] —__1—)dzr ,where C is the circle |z]| = 2, oriented counterclockwise,
¢
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(ii) f z%sin (E) dz, where C is the circle |z] = 1, oriented counterclockwise.
c
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(b) Use the residue theorem to show that f ———— = —,
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