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Instructions:

e This paper consists of NINE (9) questions in SIX (6) pages.

Answer any FIVE (5} questions ONLY. All questions carry equal marks.

Answer for each question should commence from a new page.

Relevant Statistic Tables and equations are provided.

L

State any assumptions you required.

This is a closed book test.

L ]

.» Show.all your workings. e

All symbols are in standard notation.

Do not use red color pen.

l. {a) i Find asymmetric matrix A such that (z,y)A ( ) = 8z% — 4oy + 5y? for cach

Y
(z,y) € R% (Marks 4)

ii. Use the matrix A in part {(a)i to find a change ol variable that iransform the
72 2
ellipse 822 — 4zy + 5y° = 180 in to the form ol S 5 1. Determine the
a

values of @ and b, (Marks 8)

(b) Use Lagrange Multipliers to find the closest point on the circle 22 + ¢ = 136 [rom
the point {5, —3). (Marks &)
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2. (a) Defermine whether the limit of
z

i the limit exists.

1

1 as z approach to 1 exist or not. Find lim

741 ,
) L —  when 2z #£ 4

(b) Discuss the continuity of f(z) = { 2z — on C.
1+24 when z =i

zZ—-1

z—1 zkl

(Marks 4)

(Marks 4)

{c) Let f(z)=z—Zzforz € C. It f(2) = u(z,y) +iv(z,y) for z =z +iy € C, prove

whether the real valued functions « and v are harmonic on R??

(d) Find an analytic function ¢ such that Im(g) =2y and g(1) = 0.

3. (a) Consider the following image.
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(Marks 6)

(Marks 6)

i. Parameterize the curve € which connects the point B, to the point A as in the

above image.

1. Compute the integral of f(z) - - along the curve C.

z—2—1

e%? 4 sin 3z

(b} Find f
c

z = 2 44 with radius 1.

(Marks 4)

(Marks 8)

~dz, where C is the positively oriented circle centered at
2222 = 3 — )

(Marks 8)
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4. The variables © = f(t), y = g{t) satisfy the following system of first order differential

equations.
dx 5
dt v 0
By
a ~ 'Y
P
(a) Show that 7l +z=0. (Marks 4)

(b) Determine whether zo = 0 is a regular singular point for the differential equation

2
‘ ((iin +z=0. : - (Marks 2)
_ _ , d*z _
(¢) Find the series solution of pro) +z =0 around zy = 0. (Marks 10)
(d} Hence find the solution of system (1). (Marks 4)

5. '(a) Find a change of variable to eliminate the term u from the following equation.
Justify your answer.
Uy + €%uy +u = ye " (2)

(Marks 8)

(h) Use the method of characteristics to find the solution of u, -+ e*u, = y subject to

1
the initial condition (0, y} =5ty (Marks &)
(¢) Hence find the solution of equation {2}. (Marks 4)

(a) Consider the initial valuc problem,
v+ {x+ 1y =0 subject to y(0) = 2. (3)

Use the fourth order Runge Kulta method with step size b = 0.1 lo evaluate the
solution of equation {3} at x = 0.1 up to three decimal places. (Marks 4)

Hint: Formula of Fourth Order Runge Kutta method:

1
Yt = Yt (ky + 2ko + 2kg + ky); for n=0,1,---
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iii. Find the critical value/s for this hypothesis testing at 1% significant level.
(Marks 1)

iv. Test the hypothesis at 1% significant level and state your decision regarding the
hypothesis testing. (Marks 2)

v. Interpret your findings in question (¢)iv. . (Marks 2)

~.vi. State the assumptions that you made for this hypothesis testing.  (Marks 1)

9. I'ollowing summery quantities were given for a study of a investigating the relationship

between roadway surface temperature (z in unit of °F } and the pavement deflection(y}.

(a)

n = 20,
20 20
D 3= 1478, > = 12.75,
i=1 i=1

20 20 20
> Tyl =886, > af = 1432158, > may = 1083.67.
i=1 i=1 i=1

Calculate the correlation coefficient for above data. Interpret your answer of the

valuc of correlation coefficient. (Marks 7)

Find the equation of the best fitted simple linear regression model of the above data.
(Marks 7)

Interpret the found regression coefficient in part (b). (Marks 2)

Use the equation of the fitted line to predict what pavement deflection would be

observed when the surface temperature is 85°F, (Marks 2)

Clearly state the assumptions you have made to find best ftted lnear mode]
(Marks 2)

End.
Copyright Reserved.
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Cumadative Standardized Horrnal Distibution

Z-table

4

A(2) is the integral of the standardized normal
distribution from — o toz (in other words, the
area under the curve to theleftofz). It givesthe
probability of a notmal random vatiable not
heing more thanz standard deviations sbove its
mean. Values of z of particular importance:

z A7)
1645 09500 Lovwer Limit of right, 5% tail
1960 09750  Lower Limit of right 2.5% tail
2326  0.9900  Lowrer Limit of right 1% tail
1576  0.9950  Lower limit of right 0.5% tail
3000 09990  Lower limit of right 0.1% tail
: 43901 *0.9995 ~ Lotwer limit of Tight 0.05% tail
-4 4
r 000 0.01 0.02 003 004 005 006 0.07 0.08 0.0¢
00 0.5000 05040 0.5080 05120 05160 05199 0523% 05279 05319 0.5359
01 05398 05438 05478 05517 05557 05596 05636 05675 0.57TH4 05753
02 05793 05832 . 0.5871 . 03910 05948 05987 . 06026 06064 06103 0.614)
03 06179 06217 06255 06293  0H331 06368 06406  06M3 06480 06517
04 06556 06501 06628 06664 06700 0676 06772 06808 06844 0.6870
05 06015 . 0.6950.. 0.6085 07019 . D705 07088 . 0.7123 . 0.7157 .. 07190 .0.7224
06 05257 07201 07324 07357 07389 07422 07454 07486 07517 07549
07 04580 07611 07642 07673 07704 07734 07764 09794 07923 07852
08 . 07881 07910 07930 07967 07995 08023 02051 05078 08106 08133
09 08159 08186 08212 08238 08264 08289 02315 08340 09365 08389
10 02413 08433 08461 08485 08503 08531 08554 08577 08599 08621
11 08643 0865 08686 08708 08729 02740 08770 08790 0881 08830
12 08849 08869 08888 08907 08925 08044 DS962 08980 08997 09015 .
13z 00037 09040 09066 09082 09089 09115 09131 D07 09162 09177
14 00192 09207 09222 09236 09351 09265 09279 09292 09306 00310
15 00332 09345 00357 09370 09381 00304 00406 00415 09420 09441
16 00457 09463 00474 00484 09405 0BS5S 0515 09525 09535 09545
17 0955 . 09564 00573 00582 09591 09599 0602 09616 09625 0.9633
1 0064l 09640 00656 00664 0OETl  0PETE 09686 DO6E 096N 09706
le  0O713 09719 00726 09732 09738 0974 0TS0 09756 0TEL 09767
a0 09772 09778 DO7E 00783 00793 09703 00803 09803 09812 09517
21  0soe2l 09826 00830 00834 09835 09842 09846 09850 09858 09857
94 00261 09264 00868 09871 09875 09878 00821 0.9884  0.9537  0.9880
23 09993 00896  0.0802 09901 09904 09906 09909 09911 0.5513 09916
24 09018 09920 05922 09925 09927 09929 09931 09932 09934 09936
25 009933 00640 05931 0DO43 00945 09046 00N4EB 09949 09951 09952
26 00053 09955 09056 09957 09959 09960 Q09961 09962  0.9963  0.9964
27 00065 09966 09967 09965  0996F 09970 08971 09972  0.9973F 09974
28 00974 09975 09976 09977  099FF 09948 00979 09979 09930 09981
29 00081 00997 00082 09933 09984 09984  0O935 00985 00986  0.9986
30 09987 00927 00987 0998 00988 09950 09989 00989 09990 0.9990
31 09990 00091 00991 09991 09992 0S92 08992 09992 09993 0.9993
22 00993 00903 09004 05994 00994 00004 00904  DO9DS 09995 0.9995
33 09995 09995 09995 09996 09996 0596 09995 09996  0.9996  0.99¢7
34 09907 00007 00997 00997  09PYF 0597 0SUYF 09997 09997 05998
55 0.9992 05998 009008 09998 09998 (0995 00998 09993 D998 0.0098
36 05008 09998 09999




f Distribution: Critical Values of f

Sigrficemy e lovel
Degress f  Two-tailed tesr 10% 5% 2% 1% 0.2% 0.1%

Freedom Dre-taledtest; 5% 2.5% 1% 035% 0.1% 0.05%
1 6.314 12706 31331 63657 318309 636619
2 2.920 4303 6.965 9925 22337 31.590
3 2.353 3182 4.541 5841 10.215 12.924
4 2.132 2775 3.747 4504 7.173 2510
5 2.015 2571 3.365 4032 5.893 6.869
6 1.943 2447 3.143 3707 5.08 5959
7 1.8394 2365 2.993 31499 4.735 5.408
£ 1.860 2306 2.896 3355 4.501 5.041

9 1.8332 1262 2.821 3230 4.207 4781 )
10 1.812 2228 2.764 3169 4.144 4 557
11 1.796 2201 2.712 3106 4.025 4437
- 12 - 1.782 2179 2.681 <3055 22930 4318
13 1.771 2160 2650 3012 3.852 4.221
14 1.761 2145 2.624 2877 2,787 4,140
15 1.753 2131 2.603 2947 3.733 4.073
16 1.746 2120 2.583 2831 3686 4015
17 1.740 2110 2.567 2398 3.646 3.965
" 18 “1.734 210 2552 2878 31610 31.022
19 1.729 2093 2.539 2861 3.570 3883
28 1.725 2036 2.528 2345 3.552 3550
n 1.721 2080 2.518 2831 3.517 3819
yt's 1.717 2074 2.508 2219 3.505 3,792
13 1.714 2069 2.500 2807 3.485 3.768
14 1.711 2064 2.402 2797 3467 3.745
25 1.708 2060 2.485 1787 3.450 3.735
i 1.706 2056 2479 2779 3.435 3.707
il 1.703 aps2 2472 2771 3421 3.690
13 1.701 2048 2467 2763 3.408 3.674
19 1.699 2045 2.462 2756 3.206 31.659
30 1.697 2042 2,457 2750 3385 1646
32 1.604 2037 2349 2738 3.365 3622
34 1.601 2032 2.44] 2728 3348 3601
16 1.688 2028 2434 21719 3.333% 3.582
38 1.686 2024 2.429 2712 3319 3,566
40 1.684 2021 2427 2704 3.307 3.551
41 1.682 2018 2418 2692 3.206 3.538
44 1.6580 2015 2.414 2692 3.286 3.526
46 1679 2013 2410 2687 3.277 3.515
48 ' 1.677 3011 2.40% 2582 3.26% 3.503
s0 1.676 el 2.40% 1578 3.261 3.496
i 1.671 2000 2.390 2660 3.231 3.460
0 1.667 1904 2.381 21648 3211 3,435
£0 1.664 1990 2374 2539 3.195 1415
20 1.662 1987 7368 15632 3.1832 3.402
100 1.660 1554 2364 2626 3.174 33290
12¢ 1.658 1989 2358 1517 3.160 3.373
150 1.655 1976 2351 2609 3.145 3357
200 1.653 1972 2345 2501 3.131 3.340
300 1.650 1968 1339 3592 3.118 3.303
400 1.649 1566 2336 2588 3,111 3315
500 1.648 1965 1334 1586 3.107 31310
606 1.647 1964 2.333 2584 3.104 3.307

o L445 1960 2.326 3576 3.000 3.391




