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Answer Five questions only.
(State clearly any result that you used, without proof.)

(1) (a) Prove each of the following:

(O)If neNand n>1then n—-1le N.

(ii) There is no 17 € N'such that 0 <n <.

(b) State and prove the Mathematical Induction.

n

(c) Using mathematical induction, prove that (x+ y)" = Z "¢ x""y" for all positive
r=0

n!

(n~—r)!r!'

(2) (a) Define each of the following:
(1) A prime number.
(i) Division Algorithm.
(b)If a,b € Z and ab =1, prove that Ial =1and lb|= 1.

integer n ; where "c, =

(c) Prove that 2°" +1 is divisible by 5 when 7 is an odd natural number.
(d) (i) Find the greatest common divisor g of 7469 and 2464, and hence find integers
x and y suchthat 7469x + 2464y =g .

(ii) Find the least common multiple of 4999 and 1109.

(3) Prove that every positive integer »>1can be expressed uniquely as a product of prime
numbers except for the order in which the prime factors occur.

(4) (a) Prove that for a given 1 € Z there exist a unique 7 € Z, such that n=r(modm).

(b) Find the integer in Z 4x8x14x403%22 modulo 9.

% which is congruent to
(c) Prove that 2" =1(mod 63) and deduce that

2% =1(mod 63) and 2" =1(mod819).
1



00087

(5) (a) Let R be a commutative ring. If f(x), g(x) € R[x] and g(x) is monic, then prove
that there exists a unique ¢(x), r(x) < R[x] such that f(x)=qg(x)g(x)+r(x) with

r(x)=0 or deg(r(x)) < deg(g(x)).

O If f(x)=x"+4x> +3x’ +x+1 and g(x)=2x"+x"-x-3 are polynomials over
Z ([ x] then find the greatest common divisor d of f(x) and g(x) and express it in

the form d = fu+gv where u, v € Z[x].

(6) (a) State and prove Eisentein’s irreducibility criteria.

(b) Determine whether each of the following polynomials are irreducible over Q[x].

(i) f(x)=8x+6x> +9x+24.

(i) f(x)=x"+3x*-5.

(7) (@) (1) Let f(x)= Z ax' € Zlx]andn> 1. If o € Qisazero of f(x)and & :§ such that

i=0

(r,s) =1, then show that » | g, and s|a,.
(ii) Find all rational roots of the polynomial 6x* —25x> +35x> —20x+ 4 over Q.

(b) (i) State and prove the Remainder Theorem.

(i1) Find all prime numbers p such that x—2 is a factor of f(x)=x"+3x* +2x> +x+1

in Zp[x].

B) (@) Let f(x)= Za,x’ € C[x], a,#0and ¢, ,...... «, are the zeros of f(x) in C.

=0

Show that (i) a S_+a_ S . +...... +a,S,_, =0, if m>n,

n=m n-1~"m-1 m-n

() a,S, +a, S _ +...... +a

n~m n-1~"m-1

S +ma, , =0, if m<n,

n—n+1

n
where S = Zair.

i=0
(b)If a,b,ceC suchthat a+b+c =0, then prove that,

da’ +b" +c")=Tabe(a> +b* +c*) .



