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Instructions:
» This paper consists of EIGHT (8) questions in FOUR, (4) pages.
o Answer any FIVE (5) questions ONLY. All questions carry equal marks.
o Answer for each question should commence from a new page.
o Relevant Statistic Tables are provided and all symbols are in standard notation.
e State any assumptions you required and show all your workings.

o This is a closed book test and do not use red color pen.

1. (a) Let the temperature of a gas at the point (z,y, ) is given by
T(z,y,2) = 400e~%> +6ay—3mz

i. Find the rate of change of the temperature at the point A = (0,1,1) in the
direction towards the point B = (1,2, 2). (Marks 80)

ii. In which direction does the temperature change faster at A? (Marks 10)
iii. What is the maximum rate of change of the temperature at A?  (Marks 10)

(b) A closed box has a capacity of 8 cubic feet. Determine the dimensions of the box

such that the least material is required for the construction of the box.
(Marks 50)

2. (a) Let f(z) = 2+ iIm(z) for z € C. Show that f is not differentiable anywhere.

. (Marks 40)
(b) Let u(x,y) = x3 — 3z3? for (z,vy) € R%
i. Prove that u is a harmonic function. (Marks 20)
ii. Find an analytic function f such that Re(f) = u and f(0) = 0. (Marks 30)
iii. Use part (ii) to prove that f(z) = 2% (Marks 10)

Page 1 of 4




72 .

3. Consider the Laguerre equation xd_mz +(1- x)g—y— +ky=0forkeN.
" x .
(a) Find the series solution y of Laguerre equation around z = 0 with y(0) = 1.
(Marks 80)
(b) Show that y'(0) = k. o (Marks 20)

4. (a) Evaluate [ f.dr, where f(z,y) = (x + 2y)i +yj and c is the upper half circle with
center (0,1) and radius 2 in positive direction. (narks 40)

(b) Let 2z € C. Then evaluate f7 22922z where 7: straight line from (0,1) to (1,0).

(marks 25)

— 2z +€* . e : :
(c) Find [, Ao where ' : |2 — 4| = 2 and positively oriented, where 2 € C and
2= _1. (marks 35)

5. Consider the following partial differential equation.

v 10u

—— I e e T < < >
522 = 350 for0<z<1,t>=0
u(0,t) = u(l,¢) =0 fort >0

u{z,0) = 2sin(2nz) for 0 <z <1

(a) Solve the above equation using the variable separable method. (Marks 60)
(b) Use finite difference method (explicit) with step sizes of 0.5 and 0.1 with respect to
z and ¢ to find an approximatioh value to the solution of above PDE at £ = 0.5,¢ =
0.1. (Marks 40)

6. (a) Let S be the subspace of R? consisting of all solutions to the linear equation

& —y+ 2z = 0. Find a basis for the subspace S. Justify your answer. (Marks 50)
(b) Let a,b € R and a transformation 7' : R? — R? is defined by T(x1, z2) = (a1, bza).
i. Is T' a linear transformation? Justify your answer. (Marks 25)

ii. Show that if a # b then T" transforms unit circle 27 + 23 = 1 to an ellipse. Find
the equation of the. ellipse. (Marks 25)

7. With the introduction of new television technology, TV stations will eventually be re-
| quired to produce and broadcast their shows in this new (digital) standard. In order to
determine their own strategy, national broadcast channel conducted a survey in major
metropolitan areas and discovered that 39 out of 200 households were likely to purchase

a TV with this new technology within the next two years.
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(a) Give an estimate for the true proportion of households in major metropolitan areas
that are likely to purchase a TV with the given new technology over the next 2
years period. ' (Marks 05)

(b) Find the margin of error of the true proportion of households in major metropolitan
areas that. are likely to purchase a TV with the given new technology over the next
2 years period. (Marks 10)

(c) Find a 90% confidence interval for the true proportioh of households in major
metropolitan areas that are likely to purchase a TV with the given new technology

over the next 2 years period. (Marks 15)

(d) Based on this preliminary estimate they wanted to conduct a more extensive survey
in order to increase the accuracy of their estimate. _
What should their sample size be if they wanted to estimate the true proportion of
the households in major metropolitan areas that are likely to purchase a TV with
new technology over the next 2 years to within 1% with 90% confidence?( Assume °
that the true proportion of the housholds will be unchanged.) (Marks 20)

(e) National broadcast channel’s strategy is to proceed with a substantial investment

in new technology if the true proportion is above 17%.

i. State the Hypothesis. (Marks 10)
ii. Find the value of the test statistic. ' (Marks 15)
iii. Find the critical value at 90% significant level. (Marks 10)

iv. Based on this strategy, at 90% confidence level check whether the National

broadcast channel will proceed with this investment or not. (Marks 15)

8. A rocket motor manufacturer interested in the correlation between the shear strength and
the age of the propellant used. A sample size of 20 was gathered for this experiment. The
data gathered was used to determine whether the model follows a simple straight-line re-
gression model in order to make predictions and estimations of the experiment.Following

R program output were obtain within this study.
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Call:
1m(fnrmula = Strength ~ Age}

Coefficients:
{Intercept) Age
2625.39 ~36.96
Call:
in{formula = Strength ~ Age)
Residuals:
Min 10 NRedian SR Hax
-233.08 -52.54 28.73% 66.1% 186.22
Coefficients:

Estimate Std. Error t value Pe(>{t])

{Intercept) 2625.385
Age «36.5962

45,347
2.957

»owoe

Signif. codes:

§7.50 < Ze 16 *ww
12,46 2.75e-18 *wx

@ TRk’ Q601 "¢+ 081 '*+T 9.05 ', 0.1 ' * 1

fesidusl standard error: 99.0% on 18 degrees of freadon

Hultiple R-squared: 0.8361,
fostatistic: 185.2 on 1 and 18 DF,

fdjusted R-squared:
p-value:

2,753e-18

G.8203

(a) Identify the estimated slop and intercept coefficients fitted model. Hence express

the fitted model for strength and age,then interpret the model.

(b) Discuss about the accuracy level of the fitted model.

(c) Find and interpret the standard error of estimate.

(Marks 20)
(Marks ]0)
(Marks 10)

(d) Following table represent the ANOVA which is used to test the accuracy of the

model coeflicients.

Source | Df | Sum Sq | Mean Sq.| F value | P-value -
Age A | 1522819 E F 2.753e710
Residuals | B D 9811
Total C | 1699421

i. State the null and alternative hypothesis for this ANOVA.
. Find the values of A, B, C,D, E, and F.
. At 5% 51gmﬁcant level discuss the conclusion of the ANOVA.

(e) State the assumptions that you have to make within this analysis.

End.

Copyright Reserved.

(Marks 10)
(Marks 20)
(Marks 20)
(Marks 10) .
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Z-table
Curmulative Standardized Hormal Distribution

A(Z) is the integral of the standerdized normal
distribution from - oo toz (in other words, the
areautuder thee curve to the left of £). It gives the
probability of a normal random variable not
beingmare thatz standard deviations above its
mean. Values of z of parti ol ar impotrtance:

/ z AT _
1645 09500  Lewer limit of Hght 5% tail
1960 09750  Lovwrer Limit of right 2.5% tail
2336 09900  Lower Limit of tight 1% tail
“*«. 2576 09950  Lovrer limir of right 0.5% tail
S “ 3090 09990  Lover limit of right 0.1% tail
o o 3201 09995  Lower limit of right 0.05% tail
4 3 a2 4 0 1z 2 3 4
r  0.00 0.01 p.02 003 004 005 0 06 0.07 0.02 0.0%
00  0.5000 05040 05080 05120 05160 05199 05239 05279 05319 0.5359
01 05395 05433 05478 05517 05557 05596 05636 05675 05714 0.5753
02 05793 05832  0.5871 05910 05948 05987 06036 0.6064 06103 0.614]
03 06179 06217 06255 06203 06331 06368 06406 06443 06480 06517
04 D655 06501 06628 06664 06700 05736 DSTFR  D.6E0S  D.6B4d  0.6879
05 D.6915 04950 06935 07019 OF054  0F088  0F12% 05157 OF190 0.2
06 07257 0FI01 09324 07357 07389 07422 07454 07486 07517 0.7549
07 07580 07611 07642 07673 07704 DFTI4 07764 07794 DRI 0.7852
03 07381 0FHI0 07938 0F96T 07995 08023 0B0S1 08078 08106 0.8133
09 0815 08186 08312 08238 08264 05280 08315 08340 08365  0.8389
10 0.8413 08438 08461 08485 08503 08531 08554 08577 08509 08621
11 08643 08665 0.8636 0BT0S 0879 05749 OSFF0 03700 08810 0.8830
12 0.8849 08869 08888 08907 0B925 08944 O0E062 08980 08097 0.0015
12 09032 00040 09066 09032 09099 09115 09IZ1 047 09162 09177
14 00182 05307 0933 09336 08251 09265 002T9 09202 09306 09319
15 09332 00345 09357 09370 09382 00304 00406 09418 00429 09441
16 0.9452 09463 09474 09484 09495 09505 08515 09525 09535 09545
17 09554 09564 09573 09532 09591 09599 09608 09616 09625  0.9633
1% 09641 09649 09656 09664 09671  0HETE 09686 09603 09699  0.0706
19 09713 09718 09726 09732 08738 00744 09FS0 09756 09761 09767
20 09772 OSTFE 09783 09738 09TYS 097U 0O803 0308 09812 09817
21 00321 09326 09630 09834 00838 09842 00846 DHI50 09854 0.0857
22 09861 09864 09863  09STI  0H8TS 0987 09881 09884 09887 0.9890
23 00803 09506 09698 00001 09904 09906 0O90%  0H9Il 09913 D.HPI6
34 09918 09920 09922 09925 09937 00920 0091 00931 09934 00036
35 00938 00040 09941 09043  0DO4S  0OD4E  0O94E 00045 09951 09052
26 09953 09955 09956 09957 09959 09960 09961 09962 09963 0.0964
27 09965 09966 09967 09963 09969  0O9TO  0PHTL  099T2 09973 0.9974
28 00974 09975 09976  09STF  DOSIT 09978 0O9FH 05T 00980  0.998)
29 00081 06932 09952 09983 09984 09984  0OYES 0995 00986 0.0936
30 09987 09987 05687 09988 09988 00U8P  0O9SH 09960 00990  0.9980
31 090000 00991 09691  DOUP1  09EKT 09982 0HOHT 09993 09993 0.0993
32 09993 05993 09994 09994 09004  0HYRE 00904 09905 00905 0.9995
33 0.9995 09995  0.9995 09996 09996 0SN06 09996 09906 0996 0.9997
34 00997 05997 09997 0S99 09997 0999F  0GP9T 00007 09997  0.9998
35 09093 00998 00998 00998  0N90F  0GNOS  QU9RS 00008 09995 0.0908
36 0.9998 09098 0.9999




F Distribution: Criticd Yaluas of F (546 significance lavel)

w 1 2 3 4 5 1] 7 & g 10 12 4 16 15
¥z

116145 199.50 21571 224 .58 23016 23309 23677 238,88 24054 241,88 24391 24536 24646 247 32 24501

¥ 1851 1900 1916 1925 1930 1033 1935 1937 1938 1940 1941 19042 1943 1944 1945

3 1013 955 928 912 901 204 880 885 881 8§79 8T4 871 860 L67 866

4 TI1 68 659 630 626 616 600 604 6D0 586 5981 587 584 382 Sa0

£ 661 579 541 A19 505 485 488 482 477 474 468 464 460 458 456
6
7
¢

590 514 476 453 439 4285 421 415 410 406 400 396 392 390 387
559 474 435 412 397 387 370 373 368 364 357 353 3AG 347 344
532 446 407 384 360 358 350 344 330 335 328 34 320 317 315
9 512 426 386 363 348 337 320 323 31§ 304 307 303 299 296 254
10 486 410 371 348 333 322 314 307 302 295 291 286 283 280 277

11 484 398 353 336 330 300 301 295 290 285 279 217 270 267 245
1@ 475 389 349 326 311 300 291 285 230 275 269 264 260 257 454
13 457 381 341 318 303 293 283 277 271 2467 260 255 251 248 246
14 450 324 334 311 286 285 276 270 265 260 253 248 0 244 241 237
15 454 368 320 306, 290 270 2Tl 64 259 254 248 242 238 235 133

16 449 363 324 30l 285 274 246 259 254 249 242 237 233 230 238
17 4435 359 320 286 281 2470 261 255 249 245 238 233 236 226 123
18 441 355 316 293 277 266 258 251 246 241 234 229 225 222 219
19 438 352 313 250 274 263 254 248 242 238 231 226 221 218 216
¥ 435 349 210 287 271 250 251 245 239 235 228 123 118 215 212

1 432 347 307 284 268 257 249 242 237 233 235 220 216 212 210
22430 344 305 282 266 255 246 240 234 230 223 217 213 200 2407
23428 342 303 280 264 253 244 337 232 227 220 215 211 208 105
T4 426 340 3Dl 2% 362 251 242 236 230 225 218 213 209 205 203
¥H 424 33D 390 276 2460 249 240 234 228 224 216 211 207 204 201

6 422 3370298 274 250 247 239 232 227 232 215 200 205 202 1489
37421 335 296 273 257 246 237 231 225 220 213 208 204 200 197
420 334 2985 271 256 245 236 290 224 219 213 206 202 190 196
¥ 418 333 203 270 155 243 235 228 233 218 210 205 201 197 1M
20 417 332 202 269 253 242 233 237 221 214 208 204 199 196 183

35 412 327 287 254 249 237 220 222 216 211 204 199 1o4 181 188
40 408 323 284 261 245 234 225 218 212 208 200 195 180 187 1m
0 403 318 279 256 240 229 220 213 207 2063 195 189 185 181 178
60 400 315 276 253 237 225 217 210 404 19y 182 186 182 LT 1373
"0 388 303 274 250 235 223 214 207 202 187 189 1e4 179 175 172

0 396 311 272 249 233 221 213 206 200 195 188 18 137 173 190
90 395 300 271 247 233 230 211 204 199 14 186 180 176 173 169
1906. 354 300 270 246 231 219 210 203 187 183 185 170 175 171 148
120 382 307 26% 245 229 219 209 202 186 191 183 178 173 169 166
150 300 305 266 243 227 216 207 200 194 189 182 176 171 167 154

00 3RO 304 263 242 226 214 206 198 183 1es 180 174 169 166 162
250 388 30F 264 2410 225 213 205 198 192 187 179 173 168 165 141
300 387 303 263 240 224 213 2104 197 181 186 178 172 168 144 1461
400 386 302 263 239 224 212 203 1% 150 185 178 173 147 163 140
00 386 301 252 239 223 213 203 19 180 185 177 LFL 166 142 159

G600 386 301 262 239 223 211 202 195 190 185 1F¥F 1%l 146 162 159
750 385 301 262 238 223 211 202 195 189 184 177 L0 146 162 138
1000 385 300 261 233 2227 211 2062 185 189 14 176 170 1465 161 15%

-~




F Distribution: Critica Yalues of F (% significance level )

n 15 30 i5 40 50 6l 76 10 150 o
¥z

1 24026 250.10 25069 251.14 25177 252.20 25242 253.04 25346 253.68
1946 1946 1947 1947 1048 1948 1048 1040 1949 1940
863 862 950 859 858 85T 856 8455 8354 854
577 575 573 573 530 549 568 5466 565 5465
452 450 448 446 444 443 442 441 439 430

383 381 379 377 335 374 373 371 330 309
340 338 334 334 332 330 329 3ar 326 335
311 308 E0S 304 302 301 299 2317 206 405
28% 286 284 283 20 279 27T 278 274 4T3
10 273 270 258 266 264 2063 260 259 257 256

11 240 257 255 253 251 249 247 246 244 243
1 250 247 244 243 240 238 237 235 133 232
1@ 241 238 2336 2334 231 230 228 236 134 223
14 234 231 228 227 224 222 221 21y 217 216
15 236 225 223 220 218 216 214 212 210 210

16 223 219 217 215 212 211 289 207 205 204
17 218 215 213 210 208 206 204 202 200 199
i 214 111 208 206 204 202 200 198 106 185
1% 211 207 205 203 200 198 186 14 102 1.9]
o 207 204 201 189 18F 185 183 181 18% 184

A 2na 201 198 1@ 194 192 120 188 16 184
o302 188 196 194 191 189 127 185 183 182
¥ 200 196 1&3 0 191 188 186 14 182 180 179
197 194 181 189 186 184 182 1a0 1¥8 17T
5 196 192 129 187 184 182 180 178 176 195

6 124 180 1/Y 185 182 180 178 176 174 LT3
7193 ley 186 led 181 1YY 176 1M 173 171
191 187 184 1821y 1@ 175 173 170 1@
i 1pe 18y 1g3 1Bl 17F  lya 17E 171 159 17
30 188 184 181 LW 1¥6 LM 133 170 16F 166

35 183 179 1F6 1M 1¥0 1683 166 163 161 1.0
40 178 174 172 1469 166 164 141 159 1356 1.55
0 173 168 166 1463 140 158 155 152 150 148
60 169 165 162 159 156 153 151 148 14x 144
TO0 146 142 1359 157 153 150 148 145 1432 140

B0 164 160 157 154 151 148 145 143 130 138
ag 143 159 155 153 149 1346 144 141 138 136
e 152 1487 154 152 148 145 142 139 136 1.34
e 160 155 152 150 146 143 140 137 133 132
156 158 154 150 148 144 141 138 134 131 129

we 156 152 148 146 141 139 135 132 128 1.2

M A X S DR e B R

HO 155 150 147 144 140 137 134 131 127 1325
o0 154 150 146 143 139 13§ 133 130 126 123
400 153 149 145 142 138 135 132 128 1M 132
800 153 148 145 142 138 135 131 12 123 121
600 152 148 144 141 137 134 131 L2y 123 lad
TEO 152 147 144 141 137 134 130 136 123 120
100 152 147 143 141 136 133 130 136 12z 119







