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Answer four (04) Questions only.

Question 01

(a) Let Sy =d and §,, = 35,1 + ¢ forn > 1, where ¢ and d are real constants,

(1)
(11)
(i11)

Calculate the first 5 terms of §,,.

By Observing thesc terms, guess a closed form formula for the n" term.
Using the Principle of Mathematical Induction, prove your gucss.

(b) Leta,b € Zand a,b # 0. Prove that ifalbandblathena = bora = —ph,

Question 02

(a)
(i)
{11}

{h)

(11)

State, without proof, the Division Algorithm.
Prove that 4 } (m? + 2) for any m € Z,

Using the Fuclidean Algorithm find the greatest common divisor of 25 and 15,
nence find x, y € Z such that 25x + 15y = gcd(25,15).

Amali has two types of stam 8, stamps worth of Rs.25 and stamps worth oI Rs.13.
yp p p p

By assuming she has plenty of stamps in both types, find all possible combinations
lo make collection of stamps worth of Rs.500.

oy
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Question (03

(a) Prove that if @ = b(mod n,) and a = c(mod ny), then b = c(mod n), where
n = ged (ny, 1y}

(b) Find all incongruent sclutions for cach of the following linear congruences:
(i) S5x = 8(mod 14).
{(i1) 7x = 2(mod 126).

(c) A schoo! hosting a sport event and students need to be grouped for different activities.
When students are divided into,

groups of 5, then 25 students were lcft out,

groups of 8 , then 05 students were left out and

groups of 11, then 08 students were left out.

Using the Chinese Remainder Theorem, find the smallest possible number of students
participated 1n this event.

Question 04

a) Let P(x) = X7, c,x® be a polynomial of x where ¢, € Z, forevery k € {0,1,2,.....,m}.
k=0
If a = b(mod n), prove that P(a) = P(b)(mod n).

(b) Let M = ap + 10a, + 10%a, + 10%a, + 10%a, + 10°a; where 0 < a; <9 for
i =0,1,2,3,4.,5: be the decimal representation of positive integer M.
Let T = ay + 10a; + a, + 10a4 + a, + 10as. Show that M = T(mod 99).

(c)
(1) State, without proof. the Fermat's Little Theorem.
(1) Use the above theorem to verify that 17 divides 3% + 4.

(d)
(1) Statc without preot’ the Wilson's theorem,
(11) Find the remainder when 17! is divided by 19.
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Question 05

(a) Define a complete set of residues modulo n.
(b)
(1) For any integer k, prove that {(—k +0, -k +1,—k +2, -k +3,....—k + n — 1}
forms a complete set of residues modulo n.
—m+1 —-m+3 m—3 m-1

(i) Deduce that { ST =, 5} forms a complete set of residues
moduio m , where m is an odd integer.

(¢} Verify that {0,1,2,22, 27, 2%, 2%, 25,27, 2% 2°} form a complete set of residues modulo 11 but
that {0,1,2,22, 23, 2%, 25, 25, 27} does not form a complete set of residues moduio 9.

Question 06

(a) Define 7(n), where n is a positive integer.

(b) (1) Letn € N. If n is a perfect square, prove that t(n) is odd.
[Hint: If n = p;"p,?p3* ... p;¥ is the prime factorization of n > 1, then

T(n) = (e + (e, + Deg + 1) ... (e, +1)].

(i1) Find the value of v(144).

(¢} (1) Define o(n) where nis a positive integer.
(i1) Let p be a prime number and & be a positive integer. Prove that

kv
c(p*) = AN

w_p)—-“
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