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Instructions

. Answer five (05) questions only.

. Number of pages in the paper is four (04).

. State clearly any assumptions you required.

. All the symbols are in standard notation unless they are defined.

Some important notes:

s Axioms for real numbers

For arbitrary real numbers a, b, c:

AQ. a+ band a. b real numbers MiI.
Al. a+b=b+a M2,
A, a+(h+c)=(a+b)+c M3.
A3, a+0=a M4,
Ad, a+(—a)=10 D.
¢  Order Axioms
Pl-Wa binP, thena+ b inlP

P2-_labinP, thenabinP
P3 — For any real numbers a, b of R, one and only one of the following is true:

ainP,a=0—ainP.

Wewritea < bforb—ainlP.

Mathematical Induction:

ab = ba
a{bc) = (ab)c
al=a

1
a.—=1ifa+0
a

a(b+c¢)=ab+ac

Integer a divides b a|b if and only if b = ca for some integer ¢.

If we can prove both of the following steps, we then know that the proposition is a result

(Theorem), true for all 7.
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(I) The initial step:
Prove the proposition is true forn = 1
(I1) Inductive step:
Assume the proposition is true for n = k, 'z-:m'd_ on this basis, prove it is true for

n=k 4+ 1,

-------- - End of the notes -

Questions:

Q1. (a). Leta, b, ¢ € R. Using the axioms of real numbers and the order (40%)
axioms, prove that:
1), —(—a)=a.
(). a+b<a+c ifandonlyifd <c.
(iti). —(a+b) =—a—b.

(b). {i). Using (a) (i), prove thatif —b < —a, thena < b. (20%)
(i1). Using (a) () and (b) (i), prove that if a < b, then —b < —a.

(c). Solve the absolute value inequality 0 < |2x —5| <3 for all the (25%)

possible solutions, and draw the related graph.

(d). Letn be a positive integer. Using the Mathematical Induction, prove (15%)

that
n’(n+1)?
B4+22 43+t (-1 +n° z—(——i-—) for all n.
Q2. (a). Using the truth tables, prove the following equivalences: (25%)
@. pvp=p.

(i). pvg=qVp.
(iii). p=q=(qVv~p).
(iv). (pvg)vr=pv{gvr).

(b). (i). Using part(a),deducethat (p=>g)Vv(p=2r)=p=>{(qVvr). (40%)
(ii). Showthat [p A (p = q)} = q is a tautology.

(¢c). Consider the following collection of statements about the integer n: “If  (35%)

13

n is prime, then n is odd”, “n is not prime or n 1s not odd”, “n is odd and

n is not prime”.
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Q3.

Q4.

Q5.

(a).

(b).

().

).

(a).

(i). Express the above collection of statements in the symbolic form
with thie following proportional notations. - |
p:nisprime.  q:nisodd.

(ii). Determine whether the above collection of statements is

consistent or inconsistent.

By using the method of direct proof, prove the following. (35%)
(). If a+ bis an even integer and b is an odd integer, then ab is an

odd integer.
(i). For mn € Z,m < mn,ifand only if m =n—1.

By using the method of proof by contradiction, show that: (40%)
(i). Leta and b be integers. If a® + b is 0dd, then ais odd or b is
odd.

(ii). There is no real solution for the equation x*—4x+5=0.

Show that: (25%)
(i). Vx € R,x%+ 1= 2x is true.
(i). vx e R, |\/§x| > |x| is false.

Suppose that A, B and € are sets. Show by the method of Venn diagram (60%)
that:

(). (AUB\C=@A\NOUB\O).

(). (ANBYUANB)=(AUB)N(AnB).

Provide an example to show each of the following: {(40%)
(). If ASB,thenAUCEBNC.
(i). IfAC (BUC),thenC NB®E AnBC.

Suppose that E is a universal set. Now consider the following nine {(65%)

results for any subset 4, B, C of E.

RO: pC A R5:ACBandCCD=ANCCSBND
Rl: AnA“ =0 R6: (A9)- =4

R2: AnB=BnA R7: (AU B)S = A° n B¢

R3: AnBESA R8: (AN B) = A° U B¢

Ri: A=B < ACBand B & A RY9: A\ B = ANB°
R10: An(BUC)=(AnBYU(ANC(C)
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Now, using only the above eleven results, the properties of “=", and the algebraic .

method, prove the following, where 4, B, C arc arbitrary subsets of £.
(i). A\B < B¢

(id).

(A\NB)N(B\NA) =0

Gi). A\ (B\C)=(A\B)u@AnC)

(b). By using the logic method, prove the results R0, R1 and R6 in the above. (35%)

Qo6. (a).

(b).

Q7. (a).

(b)

(c).

Letd=1{1,2},B = {a,b,c}.
Define a relation p from A to B such that p = {(1,b), (2,c)} and a
relation ¢ from B to A such that ¢ = {(a, 1), (b, 1), (b, 2)}.

Q.

(ii).

Let R be a relation defined on the set of integers Z such that xRy, if and

Find each of the following:
(@. p7* (B0t (yd.aep (8).ptest

Is (00 p)~ % = p~t o ¢717 Justify your answer.

onlyif xy = 0 forall x,y € Z.

(i).
(ii).

0.
(i).

(i),

D).
(i),

Is R an equivalence relation on Z? Justify your answer.

If R is an equivalence relation on Z, then find the equivalence
classes [5] and [—-5].

State the division Algorithm for integers a, b with b > 0.
Appling the division Algorithm, find the g.c. d(84, 45).

State a necessary and sufficient condition for non-zero integers a
and b to be relatively prime.

Let g, b and ¢ be non — zero integers. Show that:

‘ a b
(o) Ifg.c.d(a,b) =d,theng.c.d (E’E) =1
B If b|(c — a}, then g.c.d(a,b) =g.c.d(b,c).
State the well-ordering principle.

Using the well-ordering principle of N. show that

i ! =" forallneN
@r=D@r+1)  @n+1) oratin e
=

End
-Copyrights Reserved-
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