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General instructions:

e Read all instructions carefully before answering the questions.

» This paper consists of EIGHT (8) questions in FIVE (5) pages.

= Answer any FIVE (5) questions ONLY. All questions carry equal marks.

» Answer for each question should commence from a new page.

Relevant Statistic Tables are provided and all symbols are in standard notation.

State any assumptions you required and show all your workings.

This is a closed book test and do not use red color pen.

Question 01

Let the concentration of a chemical pollutant in a storage tank at point (x, y, z) be given by the
function:

Oy, 2) = 200012+
(a) Determine the nature of the critical points of the function C(x, y, z). (Marks 50)

(b) Find the rate of change of the concentration at the point P = (1,0, 1) in the direction
toward the point ) = (3, —2,2). (Marks 30)

(c) In which direction does the concentration decrease most rapidly at the point P?
(Marks 20)
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Question 02

An open-top rectangular plastic bin is to be designed to have a fixed volume of 32 cubic feet.
Determine the dimensions (length(z), width(y), and height(z)) of the bin that will minimize the
total surface area of the plastic used. (Marks 100)

Question 03
(a) Letu(x,y) = 2xy + 3z be a real-valued function defined on R?,

(i) Show that u(z,y) is a harmonic function. (Marks 20)

(ii) Find a harmonic conjugate function v(z, y) of u(z, v), if the analytic function f(z) =
u + v satisfies, the initial condition f(0) = 0. (Marks 30)

(iii) Express the resulting analytic function f(z) strictly in terms of the complex variable
z, where z = z + iy. (Marks 20)

(b) Compute the following contour integral:

% 22+ 5 &
oD+

where C is the circle |z| = 4 oriented counterclockwise. (Marks 30)
Question 04

(a) Consider the following differential equation,

& d
(2% + 2)%% + 3%% +y=0. (1)

Find the power series solution y of equation (1) around the point x = 0, given the initial
condition y(0) = 2 and y/(0) = 0. (Marks 60)
(b) Consider the following first-order Initial Value Problem (IVP):

dy

=t+y? =1.

Use the Taylor Series Method of Order 2 with a step size of 4 = 0.1 to approximate the
value of y(0.1). (Marks 40)
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Question 05
(a) Use the method of characteristics to find the solution of v, + ¢™**u, = y subject to the
1
initial condition (0, y) = 9 + . (Marks 50)

(b) Consider asquare plate of dimension 1 x 1 square units'with the temperature distribution
u(z,y) satisfying the 2-D Laplace equation
0%u  O*u
—8';:‘2'+5§5:0 OI’]OS.’ESl, 0_<_y§1.
Assume that the plate has the boundary temperatures shown in the following figure, where
the square mesh has the same lengths.

0. 50 élOO 500
10%,,;100
zooﬁacéd&zoo
100@@11%13@100

Give four equations using the explicit scheme of finite difference method which required
to find an approximate value at points a, b, ¢ and d. No need to solve for values at each
points. (Marks 50)
Hint: <5_U> C Uigry Uiy

oz /), ; h ’

(Q}ﬁ) _ Wigen ~ Ui
dy iy k

where h and k are step sizes of variables z and y with respectively.
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Question 06

Let P, be the vector space of all the polynomials of degree 2 or less over R with a basis B =
{1,z -1,z + 1}.

() Write p(z) = a; + ayx + azz? as a linear combination of elements in 5. (Marks 40)
(b) LetT : P, — P, be alinear transformation such that
Tl)=2z-1, T(z-1)=2a>+1, T(@*+1)=1.

Find the image of the polynomial p(z) = 2 — 3z + z? by the transformation 7.
(Marks 40)

(c) Find the kernal of transformation given in part (b). (Marks 20)
Question 07

A reliability engineer constructs a 95% confidence interval for the mean lifetime of a certain
type of industrial motor. The confidence interval obtained is (4,820 hours, 5,180 hours).

(a) State the point estimate of the population mean lifetime of the motor. (Marks 10)
(b) Determine the margin of error associated with this confidence interval. (Marks 10)
(c) Interpret the given confidence interval in the context of motor lifetime. (Marks 10)

(d) Based on the confidence interval, test at the 5% level of significance whether the manu-
facturer’s claim that the mean p = 5,000 hours is reasonable. By writing the hypothesis
associated with this claim, clearly justify your answer without performing a formal hy-
pothesis test. (Marks 20)

(e) Would the conclusion in part (iv) change if the confidence interval were constructed at the
99% confidence level instead of 95%? Give a brief explanation. (Marks 20)

(f) Using the information from the given 95% confidence interval, construct the 99% confi-
dence interval for the mean lifetime of the motor.

(Marks 20)

(g) State any assumption that must be satisfied for this confidence interval to be valid.
(Marks 10)

Question 08

A chemical engineer investigates the relationship between reactor temperature X (°C) and re-
action yield Y (%) for a chemical process. The following experimental data were obtained:

X(°C) [ 120 | 130 | 140 [ 150 | 160 | 170
Y(%) | 68 | 72 | 75 | 78 | 80 | 83

You may use the following summary statistics:
SOX =870, Y)Y =456, S X?=126,700, > Y? = 34,722, 5" XY = 66, 840.
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(a)

(b)
(c)

(d)

(e)

(f)
(g)

(h)

Draw a scatter diagram and comment on the form and comment on the form and strength
of the relationship between temperature and yield. (Marks 10)

Calculate the Pearson correlation coefficient 7, and interpret. (Marks 20)

Determine the least squares estimates of the regression coefficients Sy and 3, for the

model Y = [y + 51 X. (Marks 20)
Write down the estimated regression equation and interpret the slope coefficient.

(Marks 10)

(i) Calculate the predicted reaction yield when the reactor temperature is 155°C.
(Marks 5)
(ii) Calculate the residual when the observed yield at 155°C' is 77% and comment on its
sign. (Marks 5)
Calculate the standard error of estimate s,. (Marks 10)

Test at the 5% level of significance whether reactor temperature has a significant linear

effect on reaction yield. Clearly state the hypotheses and test statistic. (Marks 10)
Explain why the fitted regression model may not be reliable for reaction yield when the
reactor temperature is 200°C. (Marks 10)
End.
Copyright Reserved.
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Z-table
Cumulative Standardized Hormal Distibution

AZ) is the integral of the standardized norm
dhistriboti on from — o toz (in other words, the
atea utider the curve to theleft of 2). It gives the
probability of & normal random vardable not
bengmore thanz standard devisions aboveits
mear. Values of z of particul ar impottance:

=5 A=)
1545 0.9500  Lowrer limit of right. 5% tail
1860 09750  Lowrer limit of right 2.5% tail
3326 0.9900  Lower limit of right. 1% tadl
2576 0.9950  Lower limit of dght 0,5% tail
ERIYI] 09590 Leower limdt of right 0,1% tail
3291 09985  Lowrer limit of right 0.05% tail
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f Diztribution: Criticd Yalues of §

Serfivaywe level
Degrees qf  Two-taled test. 10% 5% 2% 1% 02%, 0.1%
Jrgedom One-tanledtest: 5% 2.5% 1% 0.5% 0.1% .05%
1 6314 12705 31.821 63657 3183090 436619
2 2.920 4303 6965 g025 223y 31.509
3 2.353 z.182 4.541 5841 10.215 12.924
4 2.132 AT76 3 4604 7.17% 2.610
5 2.015 2571 3.365 4033 5.60% 6,868
L] 1.943 2447 3.143 3707 5.208 5.959
7 1.804 2365 2003 3400 4.785 5.408
£ 1.860 2306 2296 3355 4.501 5.041
9 1.833 1263 2821 3250 4,207 4,741
10 1812 2238 2.764 3164 4.144 4.587
11 1.796 2201 3718 3106 4.025 4 437
12 1.782 2170 2.681 3055 3.93%0 4318
13 1771 2.160 2.650 3nia 3.852 4.221
14 1.761 2145 2.624 2977 3,787 4140
15 1.753 2131 2.602 2947 3935 4073
16 1.746 2120 2.583 2921 3.686 4.015
17 1.740 2110 2.567 2598 3.646 3.965
1% 1.734 2101 2.554 1&ve 3610 LR
19 1.729 2093 2.530 2861 3579 3803
0 1.735 2086 2.528 2545 3.552 3.850
21 1.721 2080 2.518 2831 5.527 3819
12 1.717 2074 2.508 2819 .50 3.792
13 1.714 2068 2.500 2807 485 768
M 1.711 2164 2492 arer 3467 3745
15 1.708 2060 2485 a7y 34350 3025
26 1.706 20356 2479 379 3435 3.707
A 1.70% 20353 2473 2171 3421 3.690
1t 1.701 an48 2.467 2763 %408 3674
29 1.699 2045 2462 2756 %396 %639
30 1.697 2042 2457 2750 3385 3044
32 1.604 2037 2449 1738 3365 5.622
34 1.691 ansz 2441 2738 3348 601
36 1.68% 2028 2434 2718 3333 3.562
38 1.686 2024 2429 2712 3319 3566
40 1.684 2021 2423 2704 3,307 3.551
42 1.682 018 2418 2598 3. 3538
44 1.680 JAp1s 2414 2592 3 3.526
Af 1.679 2013 2410 a687 % 3515
48 1.677 2011 2407 AA23 3. 3.505
50 1.676 2008 2403 2678 3. 3406
60 1.671 anon 2.390 26460 3232 3.460
o 1 1.667 1904 2381 3548 3211 3435
40 1.664 1agn 2374 2530 3.195 3416
ag 1.662 1987 2.368 2032 5183 3402
e 1.660 1984 1364 A6 3174 3390
10 1.658 1280 2617 3160 ]
150 1.655 1076 1508 3145 ]
paill] 1653 1972 2601 3131 3
36 1.650 1968 2593 4118 3
400 1.649 1566 2588 3111 33515
s00 1.64% 1865 3107 3
(24 1.647 1864 5104 3
o 1645 1360 2326 3080 3
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F Digtribefdion: Critics Yalues of F [P significarnce lewvel )

W 1 : 3 4 5 6 T b 9 L[ 12 14 16 1% pi ]
¥z

1 16145 19050 21571 224 .58 23006 23399 23677 238.05 24054 241,80 24391 24536 24646 24732 24801

To18A1l 1300 1916 1925 1930 1933 1835 1937 1938 1940 1941 1942 1943 1944 1945

3 01z 455 928 912 9Ol 94§89 885 8GRl 879 874 LTl g5% 6T G866

4 TT1l 6 659 639 626 616 609 GO04 600 596 591 587 Sg4 582 5SRO0

661 AT9 541 519 505 4835 488 482 477 474 468 4064 450 458 456

6 599 A4 4746 453 43¢ 428 421 415 410 4.06 400 I06 302 200 3s7
7559 4T 435 412 29T ZeT 379 RT3 OZA8 64 3AT 25 349 347 344
£ 532 446 407 384 3490 358 350 E44 330 335 Z28 34 i a0 317 315
¢ 512 426 386 363 348 33T 329 323 3l 314 INT 202 259 206 2
160 4956 430 371 348 333 322 Il 307 302 288 291 285 283 280 277
09
0

11 484 298 359 336 320 3, 01 295 280 285 279 274 270 267 255
1} 475 380 349 326 311 300 201 285 380 275 A9 2464 250 257 254
13 467 281 341 318 303 292 283 277 ATl ZAT 260 255 251 248 246
14 400 374 334 311 286 285 276 270 265 260 253 248 244 241 239
15 4534 363 320 306 200 279 271 2464 IS0 254 248 242 238 235 233
16 449 363 324 301 285 274 266 259 254 249 242 23T a3% 230 238
17 445 359 320 296 281 270 241 255 249 245 238 233 229 226 2%
1 441 =55 316 293 277 246 258 251 2446 241 334 239 225 222 219
19 438 353 313 2900 274 263 254 248 242 238 231 2326 221 218 216
e 4Z5 349 Z10 287 271 260 251 245 2X0 235 238 233 218 215 212
1 432 34T EQT A84 248 25T 249 242 23T A3y 235 220 216 212 210
12 430 44 EI05 283 24646 255 246 240 234 230 223 417 213 2.0 an7
13438 42 303 280 244 253 244 23FT 232 227 2200 2150 211 2308 205
o426 40 Z01 0 AYS 263 251 243 2360 230 22% 23R 213 309 205 203
5 434 23 299 476 240 249 240 234 2380 2 216 211 207 204 am
6 422 ZET 288 A4 250 247 2300 3ED 0 227 222 213 208 305 202 149
T 431 235 296 273 257 2446 237 231 225 220 213 208 204 200 197
& 420 334 205 271 256 245 2360 2290 224 210 212 206 202 199 184
o408 23EF 0 293 470 255 243 235 238 222 218 210 205 201 187 194
300 417 232 282 249 353 242 23 227 221 214 209 204 189 195 183
¥5 413 37 28T 264 249 23T 220 233 216 211 204 198% 184 191 1a¢
40 408 32% 284 2061 245 234 235 218 21a 208 200 185 180 187 184
50 403 318 479 256 240 229 220 213 207 2 0F 189 185 181 13%
60 400 315 276 253 33T 235 L1710 And 1a6 182 1rs 175
70 EFfg E13 274 250 235 333 2l 2oy 103 i8¢ 17 175 17
O 306 E11 AT2 242 233 2al 0 21F3 0 2405 2400 iez 17 173 130
S0 395 10 2Tl 247 232 220 111 204 149 lan 136 172 1A%
Wwo 394 E09 270 246 231 210 200 203 187 1 1735 171 1A%
X0 202  E0T 348 245 29 208 200 202 104 Ire 133 169 146
150 290 06 266 243 227 216 107 2000 194 L6 171 167 154
06 ing 265 243 226 T4 306 19 18% 1an 1a 174 169 166 142
50 I0E 0 2464 241 225 3% 2ps 0 1es 182 1 1: 173 168 165 161
300 Inx 363 240 224 213 a4 197 191 1w 17 172 148 164 161
400 N2 263 2390 d24 212 203 106 1000 185 17E 0 172 16T 143 1.0
504 01 2p2 250 A2 202 203 1es 1800 185 177 171 1/ 142 149
3y Nl 2nz 239 203185 1800 1By 13T 171 146 1.2
TE0 Il 242 238 4 1es 189 184 1FT 0 1TO 1AG 0 163
oo o 281 338 02 les 18y 1E4 176 A0 165 16l
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F Digtribution: Critical Values of F (4 significance lewsl)
15 30 35 40 50 60 75 L0 LS00 RO

n

2

124926 2350010 25060 251.14 25177 252.20 25262 25304 25346 253 .60
21940 1946 1947 1947 1948 1948 1948 1949 1049 1949
3 BA3 BA2 250 85 858 857 856 £A55 854 2
4 537 AT5 573 572 570 549 568 566 545 565
5 452 450 448 446 444 443 442 441 430 430
6
7
£
9

383 3Bl 379 377 3¥5 3W™ 373 371 3w 3469
340 333 336 334 332 330 329 34T 326 3.5
311 308 306 304 302 301 289 297 206 395
259 286 284 283 2/0 27 277 276 274 273
10 233 470 268 2466 264 263 260 259 25T 2.5

11 240 257 255 253 251 249 247 145 244 243
1z 250 247 244 243 240 238 237 235 23n 23
13 241 238 236 234 231 230 2238 226 224 223
14 234 23 228 227 234 2323 221 219 217 216
15 228 2325 223 230 218 216 214 212 20 210
16 2233 219 217 215 212 211 209 207 205 2.04
17 218 215 212 210 208 206 204 202 2000 1e9
18 214 211 208 206 204 202 200 198 188 195
1 211 207 205 203 200 1% 185 1% 1oz 1@

20 207 204 201 18w 187 195 183 191 1&v 1.é@
1 205 201 198 196 184 192 180 1&g 186 1.84

o202 198 186 194 181 189 1AT 185 A% 183
o200 196 193 191 188 186 184 182 1s0 170
41987 104 191 189 186 18+ 1g3 180 172 197
o196 182 189 187 184 182 10 17B 176 175
6 194 180 1BT 185 182 180 178 176 174 173
27182 leg led  la4 18l 179 176 174 172 171
28 191 18y 1g4 182 179 177 175 173 170 1w
20 18% le5  18F 181 17¥ 175 173 171 159 147
30 1sg  l&4 181 179 176 174 172 17D 16T 166
35 1R3 199 176 174 170 168 146 163 161 1D
400 178 174 172 169 1A6 14 161 1A 156 155
50 173 169 146 163 160 158 155 152 150 148
60 1of 165 162 159 186 1.5% 151 148 145 144
70 166 162 155 18T 153 150 148 145 142 140
#0164 le0 157 LS4 151 148 143 143 139 138
0 1A3 153 155 153 149 14 144 141 138 136
e 163 1437 154 152 148 145 142 130 136 134
12 160 155 152 150 146 143 140 137 133 132
150 158 1534 150 148 144 141 28134 131 1.2
we 156 152 148 146 141 139 135 13E: 12B 1.6
/O 155 150 147 144 140 13T 134 131 127 1.5
e 154 150 146 143 139 136 133 130 126 1233
00 153 149 145 142 8 13F 132 13 1m0 1aa
S 153 148 145 142 13% 135 131 las 123 1.3
Goe 153 148 144 141 1ET 134 131 137 23130
THE 153 147 144 141 137 134 1300 128 122 130
moe 1353 147 143 141 136 133 130 1.6 ¢ 1.1



