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General instructions:

* Read all instructions carefully before answering the questions.

» This paper consists of EIGHT (8) questions in FOUR (4) pages.

* Answer any FIVE (5) questions ONLY, All questions carry equal marks.
* Answer for each question should commence from a new page.

* State any assumptions you required and show all your workings.

= Calculators are not allowed.

e This is a closed book test and do not use red color pen.

Question 01

(a) (i) Translate the following statement into quantifier form.
‘If n € Z* and n is not divisible by 2, then the expression n* — | is divisible by 4.
(Marks 10)

(if) Use the method of proof by cases to prove the statement in part (i) . (Marks 40)

(b) Use the method of indirect proof to prove that if 7pg 4 5 is an irrational number, where 2
and ¢ are real numbers, then p is an irrational number or ¢ is an irrational number’.
(Marks 50)
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Question 02
(a) Arelation 7 is defined on Z* by 7 = {(z, y)|y = kx for some k € Z*}.
(i) Determine whether the relation 7 is symmetric. Justify your answer. (Marks 10)

(ii) Determine whether the relation 7 is a partially ordered relation on Z™. Justify your

answer. (Marks 40)
(b) Letf :[2,3] — [3,5] bedefined by f(z) = x+2. Is f an onto function? Justify your answer.
(Marks 10)
6 , 6e* _ _
(c) Letg: R — <O, 5) be defined by g(z) = T e Show that the function g is one to one
Pt
and find the inverse of g. (Marks 40)

Question 03

0 0 2
(a) Let A= 14 0 0].Use Ceyley-Hamilton theorem to find the inverse of matrix A.
010
(Marks 50)
(b} Use Gauss elimination to solve the following system of linear equations.
x+ 2y + 3z =10
3z 4Ty — 92z =14 x
2 — 3y — 5z = -5 (Marks 50)
Question 04
(a) Let {x,} be asequence defined for each integer n > 1 such that
2n+1 2n+4+1 2n+1 2n+1
Ly = — . . E i
n?+1 n?24+2 n?4+3 n?+n
2n+1 (2n + 1
(i) Show that nt <z, < ﬁ(«ﬁ-i——z foreachn > 1. (Marks 30)
n+1 n?+1
(i) By using the Sandwich rule find lim . (Marks 20)
, 202412y ,
(b) Show that (I):Uggrz010) 302528 T 202642 does not exist. (Marks 20)
. o af of .
(c) If f(x,y) = e Ysin(z + 2y), show that 25~(;z:. y) — 0—(:1;,;1;) — fla,y)=0. (Marks 30)
Jx )y

Page 2 of 4



0307

Question 05
(a) Let f be a function defined on R* given by f(x) = In(z + k) where k € R*,
g

(i) Usingthe Mean Value Theorem, show that there exists a point ¢ € (a, b) such that

(i;;” =In(b+ k) — In(a + &),
for any positive real numbers with a < b. (Marks 20)

(ii) Hence show that for any a,b € R* with a < b,

b—a b—a

T <In(b+k)—In(a+k) < o (Marks 20)
1 5 1
(iif) Hence deduce that—5~ <In <Z> <7 (Marks 20)

(b) Consider the function f(z) = 1 —z# ontheinterval [—1, 1). State whether Rolle’s Theorem
is applicable to this function on the given interval and justify your answer.  (Marks 40)

Question 06

(a) Use the substitution y = vz to find the general solution of the following differential equa-
tion,
d; ;
;L'd—y =y 4+ r?+ y?
&
subjected to initial condition y(1) = 0. (Marks 50)

(b) Show that the following differential equation is exact and hence find its general solution.
2 2 dy
22y + 327) + (2 + 2y)g; = () (Marks 50)
Question 07

Consider the second-order linear non-homogeneous differential equation,

d*y dy .

— - 7—- 4+ 10y = 108e™*.

dz? i dx T ‘
(a) Using the D-operator method, find the particular integral, y,,. (Marks 50)
(b) Find the complementary solution vy, and state the general solution. (Marks 50)
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Question 08

A particle of mass m is projected vertically upwards with an initial velocity . The motion is
resisted by a medium providing a resistive force of mkuv?, where v is the velocity at any time ¢
and k is a constant.

dv

i —(g + kv?).

(Marks 40)

(a) Show that, during the upward motion, the equation of motion is

(b) Hence, prove that the time 7" taken by the particle to reach its maximum height is

T = \/LT tan™! <u —S) (Marks 60)
gk

End.
Copyright Reserved.

Page 4 of 4



