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Important: Answer FOUR questions only. Select at least ONE question from part A.

Part A
l. (a) Find the characteristic values and characteristic functions for the following Sturm-

Liouville problem:
d’y
o —4 1y =0, y(O)annd y(1)=0..
(b) Show that the set of characteristic functions are mutually orthogonal in the interval

0<x<1.

2. The Rodrigue’s formula for the ™ degree Legendre polynomial denoted by P,(x) is given
as
I d"
P ————(x" =1)".
n (x) 217 'd n ( )
Pu(x) is also given by the sum |
u, (-1)"(2n-2m)!

‘Pn (x) = Z_;‘ 2”]’}1!(” — m)]'(n — 2#’”)!

-2
x"", n=0, 1, 2,....

n n—1 . . .
where M =17— or 5 whichever is an integer.




a) Prove that (1 - x? )p,',_] =0 (xPn-: - Py )

c) Express f(x)=4x"+6x+7x+2 in terms of Legendre polynomials.

)
b) Find p,(x), p,(x), p,(x) and p,(x).
)
Q)

(
{
(
(d) Show that

J: D (x).(l ~2xt +1° )_]5 dx= 23::_ ]

where n is a positive integer.

1 o
(Hint: (1 — 2t +1* )_5 =3 1".p,(x))
n=0

(You may use the fellowing recurrence relations, if necessary, without proof.)

Pn' (x) =xP,, (x) +nb,_, (x),

B (%)= By (%) = (20 + 1) B, (),
(n + l)p,,+l =Q2n+Dxp, ~np,_;»
(x* =1)(2,) = n(xp, - .2).

Part B
1.(a) Find the Laplace transform L(¢) of cosatsinhar.

2-3s

(b) Find the inverse Laplace transform of the function F(s)=——"—"—-.
. (s—=2)(s* +3)

(c) Use the convolution theorem to find the inverse Laplace transform of
v
(s+D(s+9)y

(d) Solve the following boundary value problem using the Laplace transform method:

d’y ,dy
2 -3
at T di

+2y =4 | subjectto y(0)=2, y'(0)=3.



; 0<x<1
2. (a) Given that f(x) = o ¥ where a >0.
@; [<x<2

Find the Fourier series expansion of f(x) in the interval 0<x <2,

(b) Obtain the cosine series for f(x) = (x—2)" in the interval (0, 2).
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3. (a) The Garmma function denoted by I'(p) corresponding to the parameter p is defined by the

improper integral I'(p) = j: e”'t”'dt, (p>0). Prove each of the following:

) sze"xddxx]gj; dx=z§_5.
0

0

.. Tt I
(i) 66‘4" dx = (ogdy "

1
(b) The Beta function denoted by 3(p,¢) is defined by 8(p,q) = j X" (1 x)"" dx,

0

where p and g are positive parameters.

(i) Use Gamma function and Beta function to evaluate the following integral:

| 1

(ii) Prove that j
0

T

1
dx = .
1+ x* 22

4.Let J ,(x) be the Bessel function of order p given by the expansion

o (=1 '". 2m
J,,(x)zx”z (1)

o2 T (p+m+1)




(a) Prove each of the following results:

(i) %{x”Jp(x)}z 7 (x).

(ii) J,’;’ = —}[J7—2 _2‘]/7 +“]114-2] |

¥

(b) Find o and ¢ so that J,(x)—J,(x) = aJ,(x).

(Hint: You may use the following recurrence relations, if necessary, without proof.)
d _ -
E{x ”Jp (x)} = —X ”J’IH_l (x),
d . P
L4, @} =00 (-2, ()
J;: (X) = -i_)_‘jp (x)_. ‘jp+l (X) 4
1 }‘ ra
Jp (x) = 5 {J p~1 (.X)'— Jp+1 (X)} i

2p . .
Jp-l (X)+ ‘]17+I (x) = _;p“/p (X) *




