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Answer FOUR Questions ONLY.

a) Determine where the function f(2) = (x%y — %) + i(x® — 3xy?) is differentiable

and where it is analytic.

b) Letu(x,y) = coshxcosy.
i. Prove that the function u(x, y) is harmonic.
ii. Find a function v(x,y) such that f(z) = u + iv is analytic in C, and express

f(z) in terms of z.

¢) Let f(z) = u + iv be analytic in a region G. Show that if u + 3v = 7 in G, then

f(z) is constant in G.

a) Prove each of the following identities:

i.e”® =cos@ —isind, forall@ € R.

Z1
.. Fa—7 _9
Cile® Z—Z,forallzi,ZZE(C.
iii.cos?z+sin?z=1,forallz € C.

b) Solve the equation e*? = I.

¢) Prove that sinz = 0 if and only if z = nm, n € Z.




a) State Cauchy’s Integral Formula.

b) Using Cauchy’s Integral Formula, evaluate the integral [ c Zij—l— dz, where C is the

circle with radius 3 centered at 1 + i, oriented counterclockwise.

¢) Apply Cauchy’s Integral Formula to cos z with a suitable contour to show that

fozn cosh(cos 8) sin(sin8) df = 0.

a) State Green’s Theorem in the plane.

b) Evaluate the line integral fC (3x + 4y)dx + (—2x + 6y) dy, where C is the unit
circle given by x = cos 8, y = sinf; 0 < 0 < 2.
i. Using Green’s Theorem in the plane.

ii. Using the parameterization of C.

c) Let A be the area bounded by a simple closed contour C.

Show that A = %fc (xdy —y dx).

2 2
Using the above formula, find the area enclosed by the ellipse 5—2- +2 =1, where
« B2
a, B > 0.
a) Find the radius of convergence of the power series Z nzfl.
n=0

b) Let f(z) = m Find the Laurent series expansion of f in the following

annujus %< | z |< 2.

¢) Show that the function g(z) = ﬂr—;—z— has a removable singularity at z = 0.

. n . - . . e??
d) Find and classify the singularities of the function h(z) = PR IeITRS
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a) State Cauchy’s Residue Theorem.

b) Using Cauchy;s Residue Theorem, calculate each of the following contour integrals:

i. J. coceczdz, where C isthe circle |z} = 5, oriented counterclockwise.

.. 2z . . . .
ii. fc = dz, where C isthe circle |z| = 3, oriented counterclockwise.

1
4+3cos6

¢) Using Cauchy’s Residue Theorem, evaluate the integral [ 021:



