0261

The Open University of Sri Lanka

B.Sc¢/B.Ed. DEGREE, CONTINUING EDUCATION PROGRAMME
Final Examination 2025/2026

Level 04 - Applied Mathematics

ADU4300/ADE4300 Statistical Distribution Theory

Duration: - Two hours

Date: - 03-12-2025 Time: - 9.30 a.m. to 11.30 a.m.

Non programmable calculators are permitted. Statistical tables are provided.

Answer four questions only.

A company that produces a certain electrical product claims that the lifetime of the product X (in
years) has the density function.

fr(x)= ke™™: x>0,k>0

(i) Find the cumulative distribution function of the lifetime of the product.

1
(i1) Show that the mean lifetime of the product is P

1
(iii) Show that the variance of the lifetime of the product is w2

(iv) The past data indicate that it is reasonable to assume that the median of the lifetime is five
years. Calculate the value k.

(v) What is the probability that a randomly selected product will fail within 7 years?

(a) It is known that the proportion of the pins in a box that are out of the specifications is p . A
random sample of n pins was drawn with replacement. Suppose X of them were out of the
specifications. The probability mass function of X is given by,

Py(X=x)= nc,p*(1—p)"% x=0123, .......... n

Let Mx(t) be the moment generating function of X.
() Show that M, (t) =[1+ p(et — D"

1
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(ii) Using part (i), show that E(X) = np and Var(X) = np(1—p)

(b) The number of admissions to an emergency ward of a hospital ona Saturday morning during the
period beginning at 12.00 midnight and ending at 2.00 a.m. is found to have an average of 3.5
admissions.

During this period of a particular Saturday morning, find the probability
(0 that none will be admitted.

(ii) that two to six persons (inclusive) will be admitted.

(a) Some traffic lights have three phases: stop 45% of the time, wait or get ready 10% of the time
and go 45% of the time. Assuming that you only cross a traffic light when it is in the go position

and that you have to pass 8 such traffic lights on your way to school.

(1) Model the number of times that you have to wait or stop on your way to school.

State any assumptions that must be made and give possible values for the
parameters.

(i) Find the probability that you have to wait or stop only three traffic lights on your
way to school.

(iii)  Find the probability that you have to wait or stop first time at the third traffic light
- on your way to school
(iv)  Find the probability that you have to wait or stop for the third time at the fifth
traffic light on your way to school.
(b) The time between arrivals of customers at an automatic teller machine is an exponential random

variable with a exp(2) distribution. What is the probability that after the arrival of a certain

customer, the time until the next three customers is less than 3 minutes?

4.

Suppose that X7, Xz, ... Xyare independent random variables described as
X~ N(3,4) X:~N(5,6) Xs~exp(3) Xi~gamma(3,3) Xs~exp(3) Xs~ Bin( 6,0.4)
X7~ Bin( 4,0.4) - Xg~ poison(2) Xo~ poison(3)
' Find the following probabilities. Show your calculations and state the justifications clearly.

Xp—2

0PI
{ii) P[(Xs+Xs+ Xg)< 1)

(i) P[18< (X;+ 3X,) < 2562 ]
(iv) P[(Xe+X7)> 6 )]

(v) P[2Xg+X9)> 5 )]

)2 < 5.024 ]
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5.

A team of 3 is chosen at random from S girls and 3 boys. Let X be the number of girls in the team.

(D) Find the probability mass function of X.

(i) Find the probability that the team chosen has more girls than boys.

(iii)  Find the expected number of boys in the team and the variance of the number of boys in
the team.

(iv) Suppose the probability of giving a party by boys when all boys are selected to the team
is 0.6, and the probability of giving a party by girls when more girls than boys are
selected to the team is 0.8. No party will be given by girls or boys if only two boys are
selected to the team. Let Z be the event of giving a party after the selection of the team.

a) Find the probability of having a party after the selection of the team.
b) Find the joint probability mass function of X and Z.

6.

A particular academic program has three levels and the average marks of level 1, level 2 and level 3 of a
student are given by the variables X7, X> and X;respectively. The final average of a student is calculated

by the formula.

X1+ 2X3+3X3
—"“_‘”“6 .

From the past experience it is known that X7 ~ N(50,100) X~ N(45,100) and
X3~ N(40,100). Assume that X7, X> and X are mutually independent:

final average =

(i) Calculate the expected final average of a student who enrolled in the above academic
programme. '

(i1) Calculate the variance of final average of a student who enrolled in the above academic
programme. |

(i)  Write the distribution of final average. Clearly state the values of necessary parameters.

(iv) Find the proportion of students obtaining final average in between 40 and 60.

(v) Find the lowest final average of the highest 25% of the students.

(vi) Suppose that 750 students are enrolled to the above programme in 2026 batch. According
to the rules and regulations of the above programme, student has to get a minimum of 40
for the final average, to complete the programme successfully. Calculate the expected
number of students who will complete the course in 2026 batch relying on to the past

experience.
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Table of \2 . quantiles {\* table)

b
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Let X -y 2 and o be a probability, This table contains the upper o quantiles 2.

< 3 oue . . i 3y - - s
of the 2 distributions such that Pr(X > \2 0 = o, For example, ¥ g5 50 = 20483,

p, (wWew?
Left tail values of Standard Gamma Table !

W - gamma(a,1) E :
This table contain the probabilities Pr(W <w)

]

o
1 2 3 4 5 6
0.393469 | 0.264241 | 0.080301 | 0.018988 | 0.00366 | 0.000594
0.632121 | 0.593994 | 0.323324 | 0.142877 | 0.052653 | 0.016564
0.77687 | 0.800852 | 0.57681 | 0.352768 | 0.184737 | 0.083918
0.864665 | 0.908422 | 0.761897 | 0.56653 | 0.371163 | 0.21487
0.917915 | 0.959572 | 0.875348 | 0.734974 | 0.559507 | 0.384039
0.950213 | 0.982649 | 0.938031 | 0.848796 | 0.714943 | 0.55432

aluiniwivo]—|s




Let Z ~ N(0,1). This table contains the probabilities Pr(z < Z)

Table of Standard Normal Probabilities
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