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General instructions

1. Read all instructions carefully before answering the questions.

2. This question paper consists of five (5) questions on three (3) pages.

3. Answer all questions. '

4. All questions carry equal marks.

5. Thisis a Closed Book Test (CBT).

6. The tables of Laplace transforms, Z-transforms, and important properties and
theorems of the Z-transform are attached along with the question paper.

7. The answer to each question should commence on a new page.

8. Answers should be in clear handwriting.

9. Do notuseaRED pen.

Question 1
Consider the continuous-time plant G(s) below. The system is sampled using a Zero- -
Order Hold (ZOH) with a sampling period of T = 0.2s.

5

Y7

a) Write the ZOH equivalent formula below and explain the physical meaning of ZOH

in digital control systems briefly. - [5 marks]
1-—eTY
G(z) = 2 {G’(s})m«—w«w |
8
b) Perform partial fraction expansion of G(s). [5 marks]
c) Apply the Z-transform using standard tables. [5 marks]
d) Derive the discrete-time transfer function G(z). [5 marks]
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Question 2

Consider:
ylk] — 0.8y[k — 1] = ulk] + 0.5ulk — 1]
Given: .
e y[-1]=1

o Inputulk] = o[k]

e Use unilateral Z-transform

a) Apply the Z-transform, including the initial condition, and determine Y(z).
[10 marks]

b) Obtain the inverse Z-transform of X (z) below using partial fraction expansion.
[10 marks]

Z

X6 = o503

Question 3

Derive the discrete-time state transition matrix A4 for a sampling period T=0.2s for the

following continuous-time system with state transition matrix:

0 1 0
0 0 1
|-4 -5 -6

a) Compute the matrix exponential eAT to derive Aa. [6 marks]

b) Find the eigenvalues of the continuous-time matrix A and comment on the stability
of the continuous system. [7 marks]

c) Find the eigem)alues of the discrete-time matrix A¢ and comment on the stability of

the discretized system. [7 marks]
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Question 4
A continuous-time unity-feedback control system has the following open-loop transfer
function. The system is discretized using the bilinear (Tustin) transformation with a

sampling time T = 0.2 s.

10
G(s) = ———
(s) s(s+ 2)
a) Obtain the discrete-time transfer function G(z). ‘ | [5 marks]
b) Determine the closed-loop characteristic equation in the z-domain. [5 marks]

c) Determine whether the discretized feedback system is stable, justifying your answer
using z-plane stability concepts. [5 marks]
d) Briefly discuss how sampling time influences stability in digital feedback systems.

[5 marks]

2z—1
Hint: Bili Tustin)T tion,s = — }
[ int: Bilinear (Tustin)Transformation, s )

Question 5
A temperature control system for an industrial furnace is modeled by the continuous-

time transfer function:

15

Gls) = s(s + 6)

The system is controlled using a digital controller with:
e Sampling period: T=0.1s
e Zero-Order Hold (ZOH)
e 8-bit ADC and DAC
e ADCinputrange: 20V
e Actuator saturation limits: £15V

e Unity feedback configuration

Assume:
e The system is causal.
e Zero initial conditions.

¢ The controller is implemented using fixed-point arithmetic.
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d)

Using the ZOH method, write the formula required to obtain the discrete-time
transfer function G(z). Without performing a full expansion, explain the steps
involved in converting the given G(s) into its discrete equivalent. [5 marks]
Designing a digital proportional controller is G.(z) = K. Write the closed-loop
characteristic equation in the z-domain. [5 marks]
For the given 8-bit ADC with a £20 V range, calculate the quantization step size.
. [5 marks]
The actuator has saturation limits of 15 V. Explain why actuator saturation is

considered a nonlinear element. [5 marks]

*All Righfs Reserved*
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Table of Laplace and Z-transforms

X(s) x(?) x(kT) or x(k) X(2)
Kronecker delta &(k)
1. - - 1 k=0 1
0 k#0
Gyn-k)
2. - - 1 n=k Z'k
0 n#k
3 1 10) 1(k !
- s ® .
1 a -akT !
4 .S;+ a { € 1 —al. -t
(4 z
5 ! { kT _Ti_w
. S2 (l 4_ 2—*] )2
2 T 27 142 )
6. = 7 (k)" ( oy
s (1-2)
6 Tz'U+4z7 +27
7. 2 # (k1y? ( ~ )
N |-z )
a =
g - | — o kT z
S(S+a) ¢ ! ¢ 1__2-1 l_e—«TZ—-I
0. »_[L"_f___ e»ul _ e-bl e—akT . e—ka (e—uT e e_hT )Z_l
(S + a)(s + /)) (l I xl T )
1 T 7
10. ; e KT =Lz
(s+a) (l —e 7z )
S . 1~(l+aT)e"".z"'
11 1 —afe™ 1 — akTe ™ iTitate z
(s+a) (1=a (1 - akD)e (==
2 T2l (1+e—.,7'z~1 )Z—I
2 -at 2 -akT
12, (? N a) te (kT)e¢ (1 TS )3
ez
13 al e ] 4 AT — 1 + kT [(aT—1+e*“T )+ (1 —e™" —aTe™ )z"' Jz"'
s*(s+a) (1 -z )2 (1 ~e""7'z*')
o
14, . @ . sin ar sin okl z™ sinwT :
s to -2z coswT+z72
s 1—z"" coswT
15. I cos i cos wkT - 3
s +w -2z cosawT +z"
16. _,.._a_z’_*_ U sin f M iy kT ez sinwT
(s+a) +o? 1-2e™7z7" coswl +e™" 27
17. _s—ta_ ¢ cos at 7 cos ahT 1—ez" cosl
(s+a) +a’ 1-2¢™7 27" coswT +e™>" 272
. )
18~ - — al\ ] 5
—az
19 _ B ak Zﬁl
' k=1,2,3, —_—
-1
) z
20. - - ka*! YA
(] —az” )
, 2zl +az™
21. — - k*ak'] __i—x)
(] —az” )
2\ +4daz™ +a’ 2™
(1 —az ")
2 U+ 1laz™ +11a%27 + a2
23, _ _ ! ( k )
(I —az™ )
) 1
24. - - a* cos km -
1+az
x(#)=0 forr<0

x(kT)=x(k)y=0 fork<0
Unless otherwise noted, k=0, 1,2, 3, ...




Definition of the Z-transform

oz

Kix(l)) = X (2) = Y. x(k)z™

=0

Important properties and theorems of the Z-transform

x(7) or x(k)

Zix(@®)} or Z {x(k)}

1. ax(t) aX(z)
2. ax,(t)+bx,(t) aX(2) +bX4(2)
3. x(t+T) ot x(k+1) zX(z)—zx(0)
4, x(t+2T) 2PX(z)-2*x(0)—zx(T) -
5. x(k+2) 2 X(z)~2"x(0)~2zx(1)
6. x(t+kT) 2¥X(z)-2"%(0)-2"x(T )—...— zx(kT ~T)
7. x(t—kT) z*X(z)
x(n+k) 2X(z)=2x(0) =2 x(1)~ . = zx(k1-1)
9, x(n—k) z¥X(z)
10. x(t) —Tz—d—X(z)
dz
11. kx(k ) ~z~£i~X(z)
dz
12. e ""x(t) X(ze"")
13. e “x(k) X(ze")
14, a*x(k) X (gj
1. ka*x(k) —z%XGj
16. x(0) lim X(z) if the limit exists
17. x(c0) l-ilel—z"l)X(z)} if (l—z"')X(z) is analytic on and outside the unit circle
I8, Vx(k)=x(k)—x(k~1) (1-z")x(z)
19. Ax(k)=x(k+1)-x(k) (z-1)X(z)-2x(0)
2 3 x(k) - X(2)
0 0
21, &;x(t,a) 5;X(z,a)
&
22 k"x(k) —z— | X(z)
dz
23. ix(kT)y(nT»kT) X(z)Y(z)
2 S x(k) X(1)




