MPZ 3230 — Assignment No. 01
Academic Year — 2007
01y () Given 2 =i+2j—3k and §=3i+'_i+2g

(a) Show that the vectors a+b and a—b are mutually orthogonal.
(b)  Calculate the acute angle between the vectors 2a+b and a+2b
(c) Obtain a unit vector orthogonal to both a and b

i) If a=i+2j-3k, b=2i—j+k and ¢=-i+4j-k then calculate

@

abxg
() (axb)xc
© (axb)x(cxa)
@  (axb)x{bxc)x(cxal} -

(iii)  Suppose 2,b and ¢ are represented by edges of tetrahedron. How do you

can interpret value of %(g Able

(02) () Expand(a) (axb)Mbxc)
® (axb)xbxe)
(¢ (axb)x{cxd) in different ways and express d in terms of
a,b andg

(i) In the position vector of a point' at time t is ‘f_{(t)_= sinti+tj+costk
determine the time at which the velocity vector and the acceleration vector
become perpendicular to each other.

| (111) Showthati(gxb_xg_)=§—?——xl_3xg+gx@xg+gx§x-qg-.
; dt dt dt dt

(iv). If n, 2 and b are constant and p=acosnti-+bsinntj, prove that

dp .
X == nabk
£ dt -

(03) (i) Radium decorsposes at a rate proportional to the amount present. If of 100
mg set aside now there will be left 96 mg 100 years hence, find how much
will be left t centuries from the time when the radium was set aside, how
much will be left after 2.58 centuries, and the half-life of radium.




(i) Find the general solution of a[x%%ﬂy}:xy% and then find a

pai.‘ticular solution in which y = a when x = 2a.

{04)  Solve the following differential equations. '

@) (x+y)dx+(x+y—2}dy=0
(ii) (4}( +xy2)dx +(y+x2y)dy =0
(i)  xy(xdy+ydx)=6y’dy

(iv) =xydy=(y+1{(I-x)dx

) (x2+y2)dx+2xydy=0

(05) Determine whether or not each of equations exact. If it is exact or not find the
solution by using suitable method.

“MM“’(M‘ = = & 2 RIS A P 7 lbh

(i) (cos y + ycos t)dr +(sint —tsin y)dy =
@)  (x*+ylx—2xydy =0
Gi) Zlax-ay=0

x’y Xy"
(iv) (y e +4x }jx + (2xye -3y }:ly =0
™ (e+yldx—(x-ydy=0

(vi} gi-i-xy-i-q/l x2—y*=0

Please send your assignment on or hefore due date according to activity diary to the following
address. '

Please send your answer with your address {write back of your answer sheet) and when you
are doing assignment use both sides of paper.
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MPZ 3230
Model answer No. 01 — Academic Year 2007

on (1) Given g=i+24’—3k

@  a+b=(i+2j-3k)+(3i+j+2K)

If {(2+b) and {a-b) mutually orthogonal
(a+b).(a-b) must be zero.
(a+b).(a~b)=(4i+3]-k).(-2i+j-5k)

-B+3+45
0

nn

There for (a+b) and (g —b) are ﬁlutually orthogonal .

()  2a+b=2(i+2j-3k)+3i+j+2k
= 5i+5j-4k

“+2§=(i_+2j—35)+2(3§+j+2l_c)
= Ti+4j-k

Acute angle between (2a+b) and (a+2b) is @

(2a-+b).{a+2b)=|2a+b]|a+2b|cos ®

cosp- bl ar2b)
|22+ blja-+2b)

Find (zg+g).(g+2g)=(5;+5__i—4g).(7g+43+_k_)
= 51

Find |2a+b|=25+25+16 =66
la+2b]=v29+16+1 =66




[

Then substitute A; cosB=

51
J66+/66

8=cos™ (ﬂ)
66

= 39.4°

() The unit vector orthogonal to both a and b is IEX-EI
axb
ik
axb=|l 2 -3
31 2
= i(4-(-3))-j(2-(-9)) +k(1~6)
= 7i=11j-5k

laxb|=+49+121+25
= 195

Unit vector orthogonal both a and b is

|
ﬁ('h—lll—ﬁg)

(i)  a=i+2j-3k
b=2i-j+k
e=-i+4j-k
@  a{bxc)
. i :! E
{bxe)=|2 ~1 1
-1 4 -
=i(1-4)-j(-2-(1))+k(8-1) .
= i+ j+Tk

abxe={i+2j-3k).(-3i+j+7k)




(o)

(d)

= —li-7j-5k
i Jjok

(axb)xc=l1 -7 -5
-1 4

(axb}x(cxa)
i j k
(axb)=|l 2 -3
2 -1 1

(cxa)=|-1 4 -1
1 2 -3.

1(—12—(-2))—3(3—(—1))+g(—2—4)
—10i—4j-6k

I

i ] k
(axb)x(exb)=|-1 -7 -5
10 4 -6
= i(42-20) - j(6-50)+k(4~70)
= 22i+44j—60k

(axb)x{(bxc)x(cxa)}
axb)=-i-7j-5k

~—

I
—_
1=




(iit)

22

-88 22
= i(~154—(-440)) - j(-22 - (~110)) + k (88+154)
= —594 ~88j+ 242k

Let n is the unit vector perpendicular to plan g and b, and OBD =8 and
CON=0

Volume of tetrahedron is = —(area of base)x(height) — )

1
3
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“area of base =

02y @ (@

Hence: (axb).(bxc)=e.(b

()

| — —
;—O x DB sin 8.0
1 .
= —absin®
2
height is = COcosd.
=gCcosOXT
=cfcost
=cii

Substitute equation (1) =
-_—_;,l(l a.bsin B]x c.i
3\ 2 -
] .
=—(a.bsin nc
= )

l
_—_— )(b .c
5(axb)e

Volume of letrahedron is = —é— (axb).c

(2xb){bxe)
Let axb=¢
xc)

= exh.c (As we can interchange cross and the dot)

Now =[(axb)xble
Using vector triple product = [(Q.g Yb—-(bb) a] :
= (ba)(be)-b’

(axp)x(bxc)
Let (bxc)=¢
Hence (axb)x(bxc)=(axb)xe

Using vector triple product = (ea)b—(eb)a.




(@  (axb)x(exd)
Let (axb)=g
Hence (axb)x(cxd)=ex(cxd)

e e e S

(axb)x(cxd)
Let {cxb)x{cxd)

By (1) and (2),

There for,

Position vector R (t)=sin ti+ti+costk
Let the velocity vector v{t) and acceleration vector a(t)

v(t)=SR(1)

4 sinti-Ftj+costk
dt =

costi+1j+(~sint)k




v(t)=costi+j—sintk
a(t) =<y ()

de
(t) =-§—£(cos ti+j—sin tk)

e

= —ginti+0j—costk

a(t)=-sinti—costk

For velocity vector and acceleration vector perpendicular to each other
v(t)a(t)=0

Hence, g(t).g(t)=(costj+j—sintk).(—sinti—costi)
= —(costsint+sintcost)
=0

v(t)a(r)=0 :
Any time the velocity vector and acceleration vector perpendicular to each
other.

(iif) i(g)r:_lgxc)=g>-:b><g+gxﬂxcﬂmg)‘:d—g
St - dt — di & 7 dt

Proof —cl(gxgxg)
dt

Let axb=r

i(axbxc):i(gxg) =£I£xc+£x£
dt dt dt dt

According to Basic rule 3 . i(gx]_a_) =gx—d~g+£xh
dt dt dt

dr de
=—=XC+IA—
de = T dt

= —::I[(gxp_)]xc+(g><13_)><E

dt
= gx£+-dgxb >~<c+(gx_b_)>4:—dg
de  dt gt

db da de
=aX—=Xc+—=Xbxc+axbx—=
T~ odt T odt T T T odt
(ivy  n, a, b constant,
B=a-1c:osnti+bsinntj
d

-d-E— =g —5in nLni-:— b—cosnt.nj
t 4




(3)

(1)

i i k

dp N
px—-t~= acosnt bsinnt 0
—ansinnt —bncosnt O

= E(abn cosnt’ —(anbsin1 nt))

i (abn)(cos nt? +sinnt*)
=abnk

We take M as the amount of radium, then rate of radium decomposition
will be,

aN N

dt

N AN————(A)
dt

A is called as radioactivity decay constant.
Let Ng- is amount of radium at start
N| —amount of radium when goes time t

Then integrating equation (A)

dN _ J-—?Lth

N . L

I—l—dN = A a
N

Ny h

|:]n INI]::] +C =-M+C,

In

N, '
—=—At+(C,-C
Nul ( 2 l)

When t=0, N, =N,

Substituting values,

In Ny =C,—-C
iH
C,-C =0
In Bl =—ht
Ny
NI -l




If the tis taken as number of centuries and the given values are applied

Ny =100mg

N, =96mg
t =1

then

96 =100e™

et =0.96

A=In.96

A=-0.04

Amount of radium after t centuries is
_ Y
N=N,e

Amount of radium after 2.58 ceﬁturics is
N = N, gl 00x2s3)
B
= 10 GolHHx2SH)
N=020.003mg

When an half-life of radium is N =50 mg
Time taken from

N = N“e—D.IHI.
50=100e™*"

0041 =l

2

~0.04¢t=1n (lJ
2

- ~0:693
-0.04

e

t= 17.325 centuries

(i1) a[xd—y-kily}:xyﬂ

dx dx
General solution,
dy dy
ax—+aly=xy—
dx =X dx
x(a—y)g-x- =-2ay
dx

d
x(y~a)a§=2ay




| ]
—y-——Iny=Inx+C
2:1y 2 Y

y—alny=2alnx+C
C=y-ainy-2alnx

When y =a and x = 2a, substituting the equation (1),

C=a—-alna—2aln2a
C=a[l—(]na+21n2&)]

= a[[—]na(Za)z]
= a[l—ln4a3}

The general solution is, C value substituting eq: (1)

y—-u[lny+lnxﬂza[l—ln%"]
y—aln(yx1)=a(]—ln4a3)

(x+y)dx+(x+y—-2)dy=0
Let x+y=v |

dx  dx

dy dv

==Y

dx dx
Substitute the equation,

vdx+(v—2)dy=0




11

v!
. —-2v=2x+C,

4

(x+¥)

—2{x+y)=2x+C,

(i) (4x+xy1)dx+(y+ xly)dy=0

dy _ —(4x+xy*)

dx  (y+x%y)
d_yd—x(4+y2)
dx y(1+x3)

y _ X ,
(4-{-)'2]('1)’_ (sz)dx

l1n|4+y1|=—11n|1+x3|+-1-1nc

2 2 2

ln|4+yz|+ln(1+x2)=lnC
(4+y3)(1+x3)=c

(i)  xy(xdy+ydx)=6y'dy
X ydy + xy*dx = 6y°dy
(x*y—6y*)dy+xy’dx =0

1, J_C_{Z 1_
(xy 6y)dx+x_y 0

}g{(x1 —ﬁyz)j—i=—xyz {(y=0)




(iv)

{ { %"}
|—=3v* | 2v 13v)

— dv——-—BX—-—dv=ldx+C

1—3v- v 2(1-3) x
—%lnll—3vll—-}§ln]v|+zlnll—3vz‘=1nx+C

“2n|1-3v*|-21n}v|+ In]s ~3v*=lnx+C

111‘vzl-—ln|l-—3v1\= —inx+C
vx |
in (1—3\'3) =

y=In{y+1)=lnx-x+C
y=In(y+1)+m(x)-x+C
y=lnx(y+1)-x+C




13

W) (%" +y)dx+2xydy=0

dy s
Zxy—=—[x"+y"
ydx ( y )
Let y=vx
: -c-ll-—-v-ﬂcﬁ
dx dx

e 2% (vx)
e Uil
dx v
v+x£l-i=_(1+r)-—v

i X 2v
dv_—(i+v1)—2v‘
KE_ 2v
dv_'(BVl'i'l)
x-&— 2v
2v
=—d
—(3v2+l) X x

%3 inIIB\fl +1]=nx|+C

1+3(l]
X

3y*
X2

N3
x[l-}-By,J =
X2

5 M {cosy+ycost)di+(sint—tsiny)dy =0

1n|xl+%ln +C, =0

s

Injx|+Infl+ = +C; =0

In

(sint—tsiny}j—y+(cos y+ycost}=0
A

Let f{y,t)=sint—tsiny and g(y,t)=cosy-+ycost

Integrating, f(y, )




i
i
H

(i)

14

f .
——=Ccost-8§iny

dt
Integrating g(y, t)

a—y=—siny-&~cost
dt
Hence
g _af
dy ot

Therefore differential equation is exact
Then U(y, t) = C is a solution

du

dt
U= I(cosy+ycost)dt+f(y)

Then, =g(y,t)=cosy-ycost

U=tcosy+ysint+f(y)

Then, g—u=t(—sin y)ksint+f(y)——~—- (A)
y

Then comparing —3—“ and f (y,t)
y

~F(y)=0
Therefore solution is,
C=tcosy+ysint

(3x° +y2)dx—2xy dy=0
dy 2,2 '
mwa;-@x-+y)=o————a)

Let, g(x,y)=2xy f(x,y)=—(3xz+y1)
de of _

fo_9 LA,
dx Y dy Y

dg df . ..

—= # —— Therefore this equation is not exact.

dx dy '

Then use integrating factor method,

of g
dy ox _2y-2y 2

g(x,y) 2xy X

[ntegrating factor P =



. |
Integrating factor = —

X
Multiplying the equation (1)

! dy Lo o,
z><2xy.clx xz(Bx +y?)

_Xd—y-(ui;).—. J— @)
x dx X"

Let the solutionisu=c

1y
o

o

2 " 2
Zip(y)==
X X
f'(y)=0
Therefore solutionis U =—_-—3x
iy Y lax-—Lay=0
Xy xy”
t dy (xy-1) 0
xytdx Xy
1 —(xy~-1)
Let Y=—7 f(x a
et g(x.y) " (x.y) oy

Therefore
dg_of
dx dy

Then, let the solution is U, ,,=C




iii)

du 1—xy

dx (x.9) X7y

U:lJ‘—l-,—dx-—J‘ldx-i-f(y)
v Jdx° X

U=——Inx+f(y)

daua -1

—=—+tf

ay xyz (Y)

Comparing the above equations and g(x, y)

-1 , 1
—+f(y)=- .
y X'y

~f(y)=0

Therefore solution is, C= L Inx
X

(yle"y! +4x3)dx+(2xye"’: —SyE)dy =0

(2xye"’2 —3y3)%+(y2e”’: +4x“) =0

Let, g=(2xye“’3 —3y2), f=(yle"-": +4x3)
d

R

aq

= Zy(e"’" +xe”"y2)
= 2xy'e" +2ye"

of =2ye" + yie x2y
dy

=2ye™ +2yxe*

a— =§—f Therefore the differential equation is exact,
dx dy
Let the solution is U(x, y) =C
a u 2 .; 1
=X, y)=ye¥ +4x
55 =fxy)=y

U= J.yze"’!dx +4 {x*dx +1(y)

= }{%ﬁ&%%—f(y)




17
= ¥ 43t +1(y)

U=e" +x'+f(y)

au }‘" ’
o8 e ayx+f
3y e’ 2yx+f'(y)

Comparing with g{x, y)

—=2xye™ +{'(y)= 2xye® -3y
ay
F{y)=-3y
L]
E ()23t ey’

-~ Solution is _
U=C=e" +x'+f(y)

C=eY ax'-y’

v (x+y)dx—(x—y)dy=0

This equation is not exact

_._Eé’,zﬂ____(l)
dx x-—y

To solve this differential equation,

Use this substituent y. = vx

dy dv
—— =Y+ X
dx dx

Substitote (1)




LAY X —x v

dx I—vy

1=V gv=Lax
I+ v~ X

i —-dy— Y - dv=—]—dx
I+v l+v- X

tan™ v—-;—In|1+v2|=1n x+C

tan™ v—In[(Hv:)%x]:C

Then substitute, v =¥

X
tan™' (-XJ —1In
X

I

[1+ ;J -x

e

=C

>

(vi) This is a printing mistaken problem.
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