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(3).

{a)  Obtain the general solution of —-+4—-

MPZ 3230 - Assignment # 02
Aecademic Year — 2007

The expression for the electric charge E in a particular circuit is given by the
differential equation

2
d f +2k£+4E =cost
dt di

Where k is a constant.

(@)  Find the complementary function in each of the three cases,

k=%, k=1andk=2
(b) In the case k = 2, obtain the general solution.

()  In the case k = I, solve the differential equation completely given that
E=0and %f—=1 whent=0.

3 2
dz d ¥+4ﬂ283‘2‘
dx dx
. . du dv
(b)  Obtain the general solution of T =u—4v, e 5u 4 5v

(c) Using variation of parameter Method, obtain the general solution of

Ly 49

— - |
ax dx+3y-(1+e )

-(d)  Using Trial Functions method, obtain the general solution of

i, , Ix
47 —6d—}+9.v =5
dx” dx x°

£ Using the definition of the Laplace transform, find the Laplace transform

of f(x)=x*and £(x)=xe™
Hence deduce the Laplace transform of (1 +xe™ )3

(i)  Find the inverse Laplace transforms of the

25+7 1 $+3
e re—— C ————
352 +5 ® 45% —8s © §% +25+5

( E})_

(iif) (a)  Solve the following initial value problem y”"—4y'+3y=e*by
using the Laplace transform method, given that
y(O)=1andy' (@)=2

(®)  Solve y"+9y=cos2t if y (0) = 1, y(%)=—1 by using the
' Laplace transform method.




1 2 P 1 0 -4
@ Let A=(2 3 -2|, B=|0 -1 2
P 1 -P 2 -1 -2

{a) Find the values of P for which the matrix A is singular,

(b) If P = 0 and I s an unit matrix, prove that BA + A =2I

(c) Using the expression BA + A = 21 obtain an expression for A™
o o | and deduce the A™",
P o (i)  Find Lower and upper triangular matrices L and U such that LU is the
' o : - 11 21

matrix A=

b= O
8RN =
.‘kﬁ—ll—-l
=T ]

{5) (3] If A and B are n x n matrices, then show that adj(AB) = adi B.adj A
(ii)  Find the inverse of matrix

3 -3 4
2 —3 4| By using the method of elementary row transformations.
0 -1"1
i)  Without expaqding show that,
_ o a -b -a b
S ' b a —b -a ‘
' =4la” +b? fc? +d*
c -d ¢ -~d ( X . )

d c d c

12 22 32 ] 42
. . ‘ 22 32 42 . 52
(6) | (i) Find the value of 3 o4z 5 62

42 .52 62- 72 '

Giy If z:e"’], X=tcost y:tsint,.computegfatt=g
v : : x2y2
(iii) A function f(x, y) is given as, u= ——
X" +y°
" T , 0% d*u L, 9%
Provethat x——+y—=2u=x>——+2x +
X yay ax* yaxay y oy*

(iv)  Prove De-Morgan’s theorems using logical expressions.
Please send your assignment on or before due date according to activity diary to the following
-address.Please send your answer with your address (write back of your answer sheet) and

when you are doing assignment use both sides of paper.
Course Coordinator - MPZ 3229

Dept. of Mathematics & Philosophy of Engineering
Faculty of Eng. Technology -

The Open University of Sri Lanka

Nawala, Nugegoda.
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Model answer — Assignment No. 02
MPZ 3230 — Academic Year 2007

(1) d-—zﬁa—'lkd—E-i--’-iEzcost
dt dt

() When k =%

2
Equation, £+5E+ 4E =cost
dt” dt
The homogeneous form is, du—lj'+ S(il—]f' +4E =0

The characteristic equation is,
m’ +5m+4=0
(m+4)(m+1)=0

Let my and ma are the roots of the characteristic equation:
samp=—4,m,=-]

Therefore, the complementary function is, E;

E.=Ae™ +Be™ where A and B are arbitrary constant. %2
(i) Whenk=1
2
Equation, d—],é + 2§+4E =cost
dt” dt

The homogeneous form is, %—F 2%—?—4— 4E=0

Characteristic equations is, m”+2m+4=0

2

(m+1) +3=0
)y =-3

(m+1)" =3i°
m+l=%/3 i

(&]

Let m; and m; are the roots of the characteristic equation.
cm =—l4+431  my=—1-431i

Therefore, the complementary function is, -
E,=e¢'(Acos J3t+Bsin/3t) Where A and B are arbitrary constant,




(ii) Whenk=2
Equation, g;;E—+ 49E+ 4E =cost
dt” dt

a

The homogeneous form is, ?TEE" + 4%?— +4E=0

The characteristic equation is,
mi+4m+4=0
(m+2)"=0

m=-2

Let m; and my are the roots of the characteristic equation,
sm=-2,m, = =2

Complementary function is, E,=Ae™+Bte™ Where A and B are
arbitrary constant ‘

(b) When k=2

d*}? + 4EE—:+4E =cost
dt” dt

We have found out that the complementary function, '
E, =Ae™ +Bte™ '

To find the particular integral we will assume the trial function of the form

is,
E = ccost+Psint, Where ot and p are unknown constants.
E = q{~sint)+B(cost)
dt
d'E
dt:" =a(—cost)+B(-sint)

Substituting in the equation,
d’E
de?

dE
P +4—L+4E =cost
dt

a—cost)+P(—sin t)+4[a(—sin t)-+pcos t]+4(acos t+fBsint) =cost
(~ou+4B+40)cost+ (B~ 40 +4B)sin t = cost

T WP Es p— (N
N PR O, p—




()x4+(2)x3= 4

4o =3 mm
4(30+4B)+3(do+3p) =4 25
3
B+9B >
25p =4
4
P=155

. o 3 4
-~ Particular intrigal E; =-—cost+_—sint

(3cost+4sint)
25

. The general solutionis E=E +E

(3cost+4sint)
25

E=Ae™ +Bte™ +

(¢} Whenk=1,

£+2E+4E =cost
dt* dt

The complementary function is given by part (a),
E, =& (Acos~/3t+Bsin/3t)
We assume the trial function of the form is,

E, =08cost+ysint, Where 6 and yare unknown functions.
E| =0(-sint)+ycost
E} =8(—cost)+y(-sint)

Substituting in the equation,

d“],i +2£Fi+4E =cost
dt” de -

(—6cost—ysint)+2(-Bsint+ycost)+4({Bcost+ysint)=cost
(—8+2y+40)cost+(—y—20+4y)sint =cost

By equating.
30+2h =1 — (1)




(NX24+(2)X3= 4y+9y=2

2

'Yﬁﬁ

E, =icost+isint
13 13
_ (3cost+2sint)

' 13
. General solution is, E=E.+E,

(3cost+2sint)

E:e"(Acos\/gHlen\/gt)—!- 3
When applying bounding conditions,
E=0whent=0
Substituting to general solution,

0=A+0+i+0
13

3

13

E=¢" (A cos+/3t+Bsin \Et)+%(3cost+25in t)
% =g [A(—sin ﬁt)}ﬁ+(8cos\/§)+(Acos V3t Bsin \@t)(—l)e"
+L(—3sin t+2cos l)

V3

%:e" [(\EB—A)cosﬁt ~(B+3A)sin ﬁt]+i(2605 t-3sint)

13

—(—JT= 1. When t = 0. Substituting to this equation

l=I[(J§B—A)—O}+%(2x1—O)
1=J§B—A+%

JiB=t

13

8
B=—2_
1343

The general solution is,




3 8 . Yol
E=e" —-—cos\/_3_t+ sm\@tJ+— 3cost+2sint
[ 13 1343 13( )

——[—B—Sin\/_t '-h:osftil —(3cost+2sint)

3

‘ d? dy d'y | dy
2 a) +4—=4+4-==8e B
@ dx* dx* dx

3 2
The homogeneous form is, d—ii + 421, + ﬁ’r-c!li =0
dx’ dx=  dx

Characteristic equation is m” +4m’ +4m=0
m(m’ +4m+4) =
m(m+2)" =0

Let m,,m, and m, are the roots of the equation.

m, =0, m,=-2, my=-21

.. The complementary function is,

Y. = Ae? 4 Be™ +Cxe™ Where A, B, C are arbitrary constant.

Y 8V Y g
d<*  dx* dx
To find the particular interregnal, assume the trial function of the form is,

yp - ae—zx
y,={-2)oe™
Yo = doe*

yr=(-8)ae™

Substituting value for the equation,
[-8a]e™ +4[da]e™ +4[-20]e™ =Be™

1k

—Boe™ +160e™ —8oe ™ =Boe™
Particular Interregnal is =0

-.General solution is, y = A -+Be™ +Cxe™




(b) —=u—4y E”"=5U+5V
dt

Let u=oe"' and v=_Re"'

du dv
—= Ote“ : —_— eu !

Substituting in the above equations, we obtain algebraic equation,

poet! =DLE”‘—4(]3&“‘)

(H-1)a+4B=0 (D)
(L-5)p-50=0 ~—rmmeme- 2)
u-1 4|
-5 p-5

This gives us, -
(L-1)(n-5)+20=0
W —pU—5g+5+20=0
1= —50+5+20=0
W —-6lL+25=0
(L-3)"+16=0
(u-3) =16
Since Lt =314i are roots

Let g =3+4,

Then u=oel™ ! | y=pe!™

The characteristic roots are,

Let u= a!ctn-mih ve= Ble(.wu)l
(-2-4i)a, -4, =0
-(1+2i)w, 28, = 0

Leto, =2A .~ B =—(1+2i)A

Letyr=3—4;

Then u=o,e™™  y= Bt




[1-@3-4i]a, —-48. =0
(—2+4i)o, —4B, =0

o,=2B .~ B, =—(1—2i)B
.. The general solution is,
u=2Ae"™*0 4 2B
v=—(1+2i) Ae® — (1-2i) Bel™"

For Arbitrary A and B
u=2e"[{A+B){cos4t)+{A—B)isin4t|
(A+B)+2i(A—B)|cos4t+[ 2(A+B)+i(A—B)sindt

LetC=A+BandD=i{A-B)
sou=2e"(Ccos 4L+ Dsin 4t)

v=—e"[(C+2D)cos4t+(~2C+D)sin4t]

C and D are arbitrary constant.

v= __e.‘l

d*y
dx?
Homogeneous form is,

d oY
(e) 4d—i+-3y=(1+e )'

9y _ 4% iay=0

dx~ dx

Characteristic equation is,
m* ~4m+3=0
(m—-3){m-1}=0

~.Let, m,, m, are the roots of the equation
m =3 m,=I

~.The complementary function is,

y, = Ae™ +Be*, where A and B are arbitrary constant,

Then the un-homogeneous equation, find particular integral,
The wranstian, w(X)=Y/¥,—¥,¥a

w{x)=¥¥,~¥y2

= ?)Ej"ex _efhex

— 3845 —C‘h




P et oy

14+ =u
IJ‘ e i
s | dx Apply,| (e =22
2 e PP =
dx= [_‘_ di=—e"dy
L —-€

|
|
D | =
|
e
e
=¥
c

u

-1 J'Lduz_l .[Mdu
24 u 2 1
. ___.12
2 u
=_l u“—2u+1lu
2 u
1 I
= —— udu+J‘du—— J.—du
2 2Ju
Iu? 1
=————dtu——Inu
22
yaf (x)dx | P | -
= =—{i+e™) +(I+e })—=In{I+e™*] ~mmemm - (1
[T =t e P 1o )i e (1)

ol e e

WX J e 2(l+e"‘) *

=31n[(l+e"‘)

dx

R R

_yix) [yaof(x) yif {x)
o= [y o) e
= % B(I.H—! )1+(I+e”‘)—-;—ln(]+e"‘)}—e"%ln(l+e"")

3a

_E
Yp'_4

(1 +e“)2 —%ln (1+e™)(e™ +e* ) +e™ (1+e7)




Complementary function is E_= Ae* +Be™
General solution is E=E_+E,

b

E=Ae" +Be™ —%[(e"" +e")[n(l+e"‘ ):|+(l+e"‘ )e"‘ +%e‘“ (i+e“)

@ LY W

ax® dx

+9y =e"x’
dx y

The Homogeneous function is,

dgy_ﬁd_y

dx- ax

+8y =10

Characteristic eguation is,
m*—-6m+9=0
(m-3)"=0
m=3

Complementary function is,
y, = Ae™ +Bxe™ (A & B are arbitrary constant)
We will assume the trial function is,

y, =(0,x* +oux +0i, )&

v, = (30, % + 30, +30t, + 20, %+, ) €™

Yo

(901, %% +90t, % +9ax, + 60t % + 30, +60i,x + 30, +201, )™
Substituting in the equation,

d_—z—ﬁg—y—-i@y =e'x*
dx” dx

y'=6y'+9y=e"x’

(90,%™ +(901, +120,)x + 604, +20, +90,)e™ =603, x° + (30t + 26, )x +30, + ¢ )e™

+9(0,x* + 0, x +0,,)e™ =e™x?

e [ (9, —18a, +9a,) + (18, - 18y, + 120, —120,)
+6a, —6a, + 20, +18a, ~18a,1=0




o,=0,a =0, a,=0
We can find above results by equating respective coefficients,
¥, =0

-.General solution is y = Ae™ +Bxe™

3 @ fx)=x

-8 5 ]
o i
6 dfe™
= — |x— dx
s dx| —s
u
6 -e—Sx s 6 = E—h.‘
= —|—X| ——= Jddx
§1 —§ s —5
U 0
6 -
= = e ‘“dx
5
0
_ 6
S

(i) [(x)=xe™

10




|
'-—-"

=
o
>=|'-"-
| —
| |
——— [
w | T
+ i
—f =
|

L}
e S L R 7 Y
= {x. c ] —Ie—.dx
—(s+1) ; u—(s+l)

I
(=11
mt
T
il
-
=)
-

(i) f)=(t+xe"")

Given, L{x“}:sg, L{xe‘“}= (s+1)

L{(1+xe)]
Let  l+xe™ =y
L{y'}=21{}
32
=Ly}

o= gl_.{£+xe“‘}

= ;i—{L{l}+ L{xe™}}

_ _.G_{J_Jr |
s s (1+s)°]

6 6
s g*(1+s)

2

2

(i)  Inverse Laplace

F( )= 2547

a sl=—
@) 35745




3

5+13
§)=u5—
s +25+5

_os+1+2
s+ +4
=L"[ s+3
s +25+5
(s +HD)+2

=Lt
{(s4+1)" +2

]
]




e er—2
{s+1"+2° (s+D)"+27
=¢ cos2t+e” sin 2t

= ¢”' (cos 2t +5in2¢)

(i) @  y -dy+3y=c®
Given that y (0= 1 & y'(0)=2

Gy 48 gyoen
dx® dx :

Taking the Laplace transform:

[szy(s)—s.y(O)—y'(U)—4(5Y(5)—( +3y(s ] L[ h}

(s —4s+3)y(s)-s-— 2+4——I—

s—3

. 1
(s —45+3)y(s) =:§+s—2
1+(s=2)(s-3)

)

1+s* —55+6

§? —4s+3)(s—3)

B §* —55+7

B (s—1)(s-3)(s-3)

(s —4s+3)y(s)=

Y(S)=(

Find, partial factorials of the equation,

s’ —55+7 A B c
= +

(s—1)(s—3)(s-3) (5—1)+ (s—3) (5_3){

A=%,C=%B="%

3 1 1

= 6 2

y(x)=L"[y(s)]
3 X ] s 1 khY
= —g " +—e" +—Xe
4 4 2

{b) y +9y =cos2t
cil Y +9y=cos2t (Boundary conditions, y{-—) =—1, y(0)=1
X

13




57y(s)~sy(0) —y (0) +9y(s) = L[cos 2t]

> . 8

249)y(s)—s—y' (0} = —>_ -
(s +9)y(s)—s-y'(0) 51_1_4[“’1"5‘? y(0)=1]

[L"s2 (v,)—s{y,)— y’(O)] +9y,, = Llcos 2t]
8
8 +4

(.‘:2 +9) Y —SYe—Y (0)=
Let y'(0)=k

§'+4

+s5+k

(sz+4)
_ 8 +(S+k)
a7 9) (7 49)
_ Vss _ %5 L k
(53+4) (51+9) (52+9) (52+9)

5 S [ .k

EGCECONEONGER

Y, =lcosZt——lcoth—kcbsSt+£sin3t
¢ 5 5 3

When .t=%

y(%):%(—l)—é(o)%m-g(-l)

Solution is,

I
Yius =5 oS 2t—-§-c053t+cos3t+§sin 2t

(GO )] (a) Let

i4




0 4
2
-2

-1
1

1
=0
2

When A matrix singular

|A|=0

2 p

I

|Al=[2 3 =2

1 —p

p

= 1(-3p+2)~2(~2p+2p)+p(2-3p)

—3p+2+2p-3p°

5

-p+2-3p°

|Al=0

=0

Ipt+p-2
(p+1)(3p-2)=0

2/3

p:

p=-1

0

IfA

(b)

0 4
2
2

-1
1

I
0
2

0
-2
0

2

-1

BA=|0

i
o oo

Lo o N

1t

2 0
—2
0

I
23
0

i

|

—2
-1
-1

|
-2
0

BA+A

15




=21

~BATA

BA+A=21

()

Multiplying by A™'

1y

BAA™' + AAT =2IAH(AA™

2IA™

2IA™

BI+1
(B+1)

(B+I)

AL

21
A“':l(BH)

2

|

2
1
AR

|

A-l

—— —
] = o~ =t
—_ = ™

— O — ™

=[

When A

(i1)

LU

Let,

_— o - T
o — —
- — ™™

—_ 3 —

i

1]

0009

o Jen Res TR

ri

UHW,.OO

UlDDO

|

nUnUnULI

= o

© o T .

- &

e IS RS Q|

16




Here the matrix A is to be written as a product of twd matrices L and U, .‘
with L lower triangular, and U upper triangular, and with one of them ”
having all diagonal terms as 1. '
That is;
IOOOU]U3U1U41121
LEIODOUﬁUﬁUT_OIII
L_‘LﬁlOOOUsUg_I'?_ll
L, L, L, 1jjo 0 O U, 2 2 40
u, =1 L,U,=0 L,U,+U,=1
U, =1 L,=0 u, =1
U,=2 L,U,+U,=1 L,U,+U, =1
U, =1 U, =1 U, =1
L,U, =1 LU, + LU, + U, =1 LU, =2
L,=1 2+ 1+ Uy =1 L,=2
L.U,+LU;=2 U,=-2 L,U,+L,U;=2
j+L =2 L,U,+LU;+U,=1 L,=0
L,=1 1+1+U,=1 L,U,+L U +LU,=4
U, =-1 4+0+L,(-2)=4
L,=0
LU, +L,U; +L,U, +U;, =0
2+0+0+ Uy,
Uy =2
Therefore,
1 0 0 0 112 1
01 0 0 o ! 1 1
L= U=
1 11 0 00 2 1
2 0 0 1 00 0 -2
. U =A
17




oo offt 1 2 1 112
01 ooflor 1 1[0t 11
111t ofloo =2 ~1] |1 21 1
2001)00 0 2] |22 4 ¢
(5) (i) If A and B are nxn matrices,
adj{AB)=adj B . adj A
We know,
adjB =B |B|
adjA = A™'[A]
adj B.adj A = B [B|.A™'|A|
=BA" B[
= (AB)"'[AB| We know [(AB)"=B'A""| [|AB|=|a[B[]
= adj(AB)

. adj( AB) =adjB.adjA

Find Inverse matrix, applying elementary row transformation,




1 0 0 1 -1 0
R, —»R;+R,

0 1 0|=|-2 3 —4]A :
0 -1 1 0 0 1
1 00 1 -1 0

01 0l=|—2 3 —4|A
0 0 i -2 3 3

I = PA

According to above calculations,

1 -1 0
Al=1-2 3 -4
-2 3 3
(iii)  Without expanding
a b -a b 0 0
b a -b -8 cocue O O
¢ —-d ¢ -d ©7% e -2d
d ¢ d ¢ 2c 2c
0 0 -a b 0 0 —-a b
0 0 —b -a pI0 0 0 -b -a
4 et 4
c 4 0 0 ¢c -d ¢ -
d ¢ 0 O d ¢ d ¢

Now, 4{(-a)-a)[e®+d*]-b(-b)c?+d” 1

4[c1+d=][a2+b2]

46 +a*)(c* +¢*)

19




(6

(D

(i)

)
4]
1
Ll
I
LN
h 1w
—
12
(W]
Lh
-I

2 3 4 5 e 25 7 9

3 405 6 PSRRI 7T 91

4 5 6 7 4 9 11 13
C,—=C, -G
C,—C,-C,
C,—C,-C,

1 2 20 1 2 2 2

4 1 20 2 2

C,—=C,—-C, |
9 -2 2 0 9 2 2 2
16 =7 2 0 16 =7 2 2

If all the elements in any row (column) of a determinant are zero then the
value of the determinant is zero.

21 3'_7 2 51
Therefore; 0 a 4, . =0

3 4 5 6

|4?. 53 6’.’. 72
z=¢"
oz R dz :
— ="y’ —=e" 2yx
ax Y ay Y
aZ E] 1 aZ :
—=yeV — = 2xye"
ax dy Y
X =1 cost y=tsins
dx . dy o
— =t{—sint)+cost ——=tcost-sint
dt t

=T =T

When t= A When t= A
d d
Z2E(-n+0 D oZ0)+1
d 2 dt 2
ix__m dy_
dt 2 de

20




(iii)

ye® .(:273}-&-2)&)(6“"! m

T 2 2
=3 yle™ +2xye”

ﬂ' . I . | . i '.'uuzt
_—'—"—‘z'[fl Sll'l?' r‘en:n:.l.{l sin n]+ 2\} cosidsin t-efm-..l.l ]

Tra . _.jr.
=_5[1 xix1xe” |+2[0]( =3)
:---E-t.T

2
(= :
“T2l2
71.3
"8
i Ky
(x*+y)
u_ (x1+y2)2xy2-x3y1-'lx _ 2xy*
x () (x+9?)
gu_( ey 2yt ey
R (x:+yl)4
(x:—‘-y!) 2 4 2 1 144
] (x1+y1)“[ y' (x*+y7) -8 y]
2)!4 2 2
i (x?+y2)a[y - ]
Fa_25(y3¢)
o2 (xz+yz)3
3 =(x3+y3)z ‘2x.4y3—2XY4-2(KZ+Y2)2}'
axdy (xz-w:)4
a 2
x4y
_ By
(xz-+-y3)3

21




i{:(x:-i-yz)xl’ly—xay:?,y: 2yx*
oy (xz_l_y:) (x3+y2)1
Fu (x* -+-y2)2 2x' = 2yx".2(x +y*) 2y

F | 5371_ (x3+y3)4

2

: 2 dfo2 a0y
((xq +):))4 [2X4(x3+y2)—8y3x4:’=m)_
X +y”

(xz+y3)'1i

Prove, that,

4 4
(i) x-a—u+y—a—u—=x. 2%y T+ ¥y 2yx
ox oy 2 :

L (ii) xlﬂ-l- 2xy oy +yzih—l,]—

ox* dxdy

4fo2 a1 5 4f2 4.1

= le____zy (zy 23}: )J+2xy fx‘yz J+3/2[—————2X (lx 3)" )J |
(*+y?) (x*+y%) (x*+y?)

( 21?:}’:)‘ [yz(y:—3x3)+8x2y’+x3(x1—3y2):’
X +y’

2x2y2

(x*+y?)

[y" +2x%y? +x*]

There for;

xﬂ+ —a—ll—2u—x3ﬁ+"x Ju + i
o dy x Vaay YA




(iv)  De Morgan's Theorems give,

X+V=XY
XY=X+Y

When taking below truth table and using AND operation and OR operation,

AND— X Y XY OR— X Y X+Y

0 0 © 0 0 0
0 1 0
1 0 1
1 1 1

L =

1 {
0 1
I I

Can showing above details as below,

X Y X Y XY XY X+Y X+Y X+Y XY
o 01 1 0 | 0 ] ! I
01 ! 0 0 0 i l 0 ]
I 00 1 0 O 1 1 0 1
1 1 00 1 O 1 0 0 0

According to above truth table, note that

X+Y=XY
XY=X+Y
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