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. Answer FOUR questions only.

1) a) State a complete set of axioms satisfied by a group.
Let G = 7. X Z, where 7 is the set of integers. The operation “*” on G is defined as
(a,b) *(c,dy=(a+c (— 1)Cb+d) V(a p),(c,d)eG
Prove that (G,*) is a group.
Is G an Abelian group? Justify your answer.

b) LetG {(a,b): abE(Cb¢0}
i) LetG = {a+ibla,b € R, notboth zero} be a group under multiplication and let
H ={a+ibla? + b* = 1}.
Verify that H is a subgroup of G.
i) Let G = {(a,b):a,b € C, b # 0} be a group.
Show that H = {(na —n,a):a # 0,n € Zisafixed posmve integer} -
forms a subgroup of G.

2) a) Let G = {(a,b):a,b € C,b # 0} . Show that G is a non abelian group under the operation
“x” defined by
(a,b) * (c,d) = (a+ bc,bd),V (a,b) ,(c,d) €G

b) Prove or disprove the following statements. *
i) If H, and H, are two subgroups of a group G, then H; N H; isa subgroup of G.
ii) If H; and H, are two subgroups of a group G, then it is not necessarily ttue that
H, U H, is a subgroup of G.
iii) A subgroup of a cyclic group is cyclic.

3) a) Define the following terms
) The order of a group
ii) The order of an element
b) Let G={1,2,3,4,5,6} be a group under the operation @ defined by
a®,b =r1,0<r < 7; where r is the remainder when ordinary multiplication ab is
divided by 7.
) By using composition table show that (G,&®;) Is a group.
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it) Find the order of each element in G.
11i) Show that (G, ®) is cyclic.
iv) How many generators are there of the cyclic group (G, ®,)? Justify your answer.

4) State Lagrange’s Theorem. .
a) Find the order of each element in the group (Zg,®5).
Does Zg form a cyclic group? Justify your answer.

b) Showing steps clearly, prove the following statements.
1) Every cyclic group is necessarily abelian.
ii) If @ is a generator of a cyclic group G, then a™* is also a generator of G.
i11) The order of a finite cyclic group is equal to the order of any generator of the
group.

5) a) Prove each of the following statements.
If (G,*)is a group, then
i) the identity element of G is unique.
il) every a € G has a unique inverse in G.
ili) foreverya € G, (™)™ = a.
iv) forall a,be€G,(a*xb) P=b"1xa L
v) foralla,b,ceG,ab=ac = b=candba=ca = b =c.

" b) Determine the subgroup lattice for Z where p and q are distinct primes.

v?q >
¢) Find all generators of Zg, Zg and Z,,.

6) a) Let Gbeagroup and Z(G) = {x € G|xg = gx for all g € G} then Z(G) be the center
of the group G.
Show that Z(G) is a subgroup of G.

b) i) Show that G = {[‘2’ b] |a,b,c,d € ]R{ ad — bec # O}1sagroup under the
matrix multiplication. '

IfH = {[g 2] € G,ad # 0} then show that H 1s a subgroup of G.

¢) Let Gbeagroup.Ifa’ = e andaba™! = b2 fora, b €6, then show that order of & is
31.




