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Instructions:

1.

e Answer only six (6) questions.

e State any assumptions you required.
¢ This paper contains six (6) pages.

e Show all your workings.

e All symbols are in standard notation.

Given that the function, f(x,y) = x3 — 12x + y3 + 3y2 — 9y.

a). i. Write down all the first and second order partial derivatives of the function f(x, ).

[15%]
ii. Find the maximum, minimum and saddle points of the function f(x, y). [30%]
b). Let u = (x2 + y2 + z2)"/2. Prove that

9%?u  d%u  *u 2
i + + =-

ax% = 9y? 0z2

au\? ou\2 au\2

.. (9u du u\" _ o
“'(ax) + (ay + (az) 1 [30%]

¢). The frequency f on a LC circuit is given by

x—1/2 y—l/z
2 !

fl,y) =

where x is the inductance and y is the capacitance. If x is decreased by 1.5% and y is
decreased by 0.5% then find the approximate percentage change in f. [25%)]



. a). Verify that whether the function, f(z) = u + iv is analytic or not. : [15%)]
b). Show that the function u(x,y) = x? — y2 — e2* cos 2y is a harmonic function. [15%]
¢). Find the function v(x, y) such that f(z) = u + iv is analytic,

where u(x,y) = x2 — y2 — e?* cos 2y. [30%]
d). Express f(z) of part (c) in terms of z where z = x + iy. [10%]

e). Compute the following integral:

I_f" do
~Jy, 2—cos6

[30%]

. a). Consider the simple linear regression model, Y =B + B1x+ €.
i.  With usual notation, show that ¥(y; — )2 = 2O =9)+ IO — y)>2 [05%]
ii. By using part (i) estimate RSS, TSS and ESS. [20%]

b). A telecommunication company has been collect number of customers arrived at a
particular time and going to know about the relationship between the number of
customers and arrival time. They take a sample of 14 observations.

i.  Fillin the blanks of following tables of simple linear regression output by showing the

way of calculation. : [45%)]
ANOVA
Degrees of Mean
Sum of Squares| = freedom Square | F gtatistic
Model
(88) (df) (MS)
Regression i
Residual 29.071
Total
Coefficients
Standard t ]
Model | Coefficient | Error Statistic
1.240
Constant 4162 | cmmemeeeeeo
Units | 0505 |
n= a-2= ___________ R2 =



b)

b)

ii. Write down the fitted regression line. [05%)]
iii. Using the ANOVA table, test the hypothesis at 1% significance level. [10%)]
iv. Test the significance of the coefficients at 5% significance level [10%)]

v. Do you think that the fitted model describes the relationship between the two variables?
Justify your answer. [05%)]

. Two batches of a certain chemical were delivered to a factory. For each batch ten

determinates were made of the percentage of the manganese in the chemical. The
results were as follows. Assume that the population variances are not equal.

Batch 1 33 37 35 40 34 35 41 38 32 37
Batch 2 35 36 32 34 30 34 28 31 33 36
i. Calculate the mean and standard deviation for each batch. [20%]

ii. Test whether there is a significant difference between the two batches. What would be
your null and alternative hypothesis? [10%)]
iii. Test the above hypothesis using 5% significance level by considering the critical region

and determine whether to accept or reject null hypothesis. [30%]

A company produces nails in batches of 10,000. A guarantee for each batch should be given
with 95% confidence. For that a random sample of 50 nails were drawn randomly from each
batch and checked for defectives. It was found that 6 defectives were found for the each
batch considered. Using your observations, give the 95% confidence interval for the
proportion of defectives in the batch. [40%]

Using the 4™ order Taylor’s series method, find y(1.1) and ¥(1.2) by solving following
g

second order ordinary differential equation with boundary conditions : [50%]
d%y 24y dy

— - =0, =1 (_...) —

dx2 +y ] x> =0 y(1) and - 1

1. State and prove Euler’s method for solving an ordinary differential equation of the form

% = f(x,¥). [10%]



ii. Use Euler’s method to find a solution at x = 1 with step size h = 0.25.

W x+2y; y(0)=o. [20%]

dx

d
iii. Let ay =x—y;¥(0) = 0.5;x € [0,1]. Find y(0.25) and ¥(0.5) by using Runge-Kutta
second order method. [20%]

6. a) Classify the elliptic, parabolic and hyperbolic form of the second order partial differential
equation. [10%]

b) i. Suppose that a point O is at the center and A, B, P and Q are surrounding points such that
PO=Q0 =h,0A=ahand OB=Bh,0<a <1, 0<p <1 Iflines OP and OA are
parallel to the X axis and OQ and OB are parallel to the Y axis.

a2 a2
Using Taylor Series expansion, obtain the expressions of ﬁ and a—y—z- [35%]
ii. Using part b (i), obtain the five point scheme for the Laplace equation
®u  d*u 0
ax?2  ayz
[10%]

¢) Apply the above scheme for the Laplace equation for the region with boundary values as
shown in Figurel, and write down the equations in matrix form.

Hence find solutions at the points uy4, u;, and Uy,

1 2 3 x
u=3x
Figure 1 [45%]



(€) = 0.1 farad and voltage (V,) = 4 sin 3t volts.

a) Find the capacitor charge at any time t.

b) Using above result find current and capacitor voltage at time t.

Assume that,
Kirchhoff’s voltage law for series circuit yield
VL + VR + VC = Vo, where

di
dt’

\

i=1,..3.

1
VL=L"— VR=iR, VC=Efidt, i=

dq

dt

J/

8. a) Given that the vectors u; = (1,—1,1), u, = (1,0,1) and u3 = (1,1,2) where u; € R3,

7. In the series RLC circuit, inductance (L) =1 Henry, resistance (R) = 2 ohms, capacitance

[80%]
[20%]

i. Consider the R® as a Euclidean inner product space. Find the orthogonal vectors of the

above vectors using Gram Schmidt process.

[30%]

ii. Using above result verify the following identity for any two orthogonal vectors u and v.

2 2 2
llw+ 2" = flefl” + 2]l

b) A linear transformation T : R?*2 —» R2*2 js defined by,

T =[) JJM-M[J J].Mere

i. Find the matrix T(M) with respect to the standard basis of R2*2.

ii. Find bases of the image and kernel of T.

iii. Determine the rank and nullity of transformation T.

[10%]

[15%]
[30%]

[15%]



5 =20
9. LetA=(—-2 6 2

0o 2 7
a) Find the eigen values of 4 and its corresponding eigen vectors. [35%]
b) Find an orthogonal matrix P such that D = P~1AP where D is a diagonal matrix. [25%)]

c) Using part (b) prove that,D~* = P~14~1P and D™ = p~14"p [15%)]

d) Derive the quadratic functions of Q(x) = xTAx and Q (X) = XTDZ

X1 V1
where x = (xz) andy = (zz) [10%)]
X3 - 3

e) Show that P~ = PT and hence Show that R(x)=0 (Z) where y = PTx [15%]
-END-
- Copyrights reserved -
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Standard Normal (Z) Table

Area between 0 and z
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Probabilities for the standard normal distribution

Probability

Table entry for z is the
probability lying to the left of z

z .00 01 .02 .03 .04 .05 .06 .07 .08 .09

0.0 | 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 05319 0.5359
0.1 105398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753
0.2 10.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141
0.3 106179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517
0.4 10.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879
0.510.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224
0.6 [ 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549
0.7 10.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852
0.8 10.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133
0.9 1 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389
1.0 1 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621
1.1 1 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830
1.2 10.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015
1.310.9032 0.9049 0.9066 0.9082 0.9099 0.9115 09131 09147 09162 0.9177
1.4 109192 09207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319
1.510.9332 09345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 09429 0.9441
1.6 1 0.9452 09463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545
1.710.9554 09564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633
1.8 09641 09649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706
19109713 09719 0.9726 0.9732 0.9738 0.9744 0.9750 09756 09761 0.9767
2.0]09772 09778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 09812 0.9817
2.1109821 09826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 09854 0.9857
22109861 09864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.9890
023109893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916
24109918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936
25109938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952
2.6 109953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964
2.7710.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974
2.810.9974 09975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981
29109981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986
3.0 1 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990
3.110.9990 0.9991 0.9991 0.9991 0.9992 0.9992 0.9992 0.9992 0.9993 0.9993
32109993 09993 0.9994 0.9994 0.9994 0.9994 0.9994 0.9995 0.9995 0.9995
3.3 109995 0.9995 0.9995 0.9996 0.9996 0.9996 0.9996 0.9996 0.9996 0.9997
34109997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9998




