00055

The Open University of Sri Lanka
Department of Mathematics

B. Sc/ B. Ed Degree Programme
Final Examination - 2017/ 2018
Pure Mathematics- Level 05

PEU5300/PUU3143- Riemann Integration

Duration: Two Hours

Date: 07 - 04 - 2019 Time: 01.30 p.m. - 03.30 p.m.

ANSWER FOUR QUESTIONS ONLY

Q1)

(a) I..et f bea bounded functlon on [a, &} Prove that # is Riemann 1r1tegrable on [a, b]
‘if and only if for each £ > 0, there exists a partition P of [a, b] such that

(P, fy —L(P, f} < =
(b) Let f and g be integrable functions on [a, b}. Prove that

M 7+ gisintegrable and [*(f +g) = [ F+ia
. -(ii] —f is integrable and fa -H=- fm f.

. -1, : 0,110
(c) Is the function £ defined by f{x} = { x€[01ne

. . -
1, x € [0,1] Q@ Riemann mtegrablel.

Justify your answer.
Q2)
(a) Let £: [1,2] — R be the function defined by f(x} = x.
(i) Find the upper and lower Riemann iritegrals of f on [1,2].
(i)  Show that £ is Riemann integrable on [1,2] and ff Flx)dx = 3}'2.

2, xE[L3]hg .
x4+ 1, x€[L3IngG"
(i) Find the upper and lower Riemann integrals of £ on [1,31.
(ii)  Is f Riemann integrable on [1,3]7 Justify your answer.

(b) Let f:{a, b] - Rbethe function defined by f{x) = {

Q3)

(a) Lot f: {w, B} - R be a function such that {f{x}| = M forall x & {a, ]
(i) Show that U(®, £) — L(P, f 2} = 2m[11(P, £} — L{P, F)] forall
partitions P of {a, &}
(i)  Show thatif f is integrable on [a, #] then 2 is also integrable on
[a, Bl '
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(b) Using above result or otherwise show that if g and k are integrable functions on
[a, b} then ghis also integrable on [z, b}

(¢) Suppose f is a bounded real function on [g, k], and #? is integrable on [g, &]. Does
it follow that # is integrable? Justify your answer.

Q4) ,
(a) State and prove the Mean Value Theorem for integrable functions.
.
Suppose that f and g are continuous functions on [a,5] such that

_}: F(x) dx = _E: g (x) dx. Prove that there exists ¢ € {, &) such that f(c} = g(¢).
(b) Let £ {a,B] — R be abounded function.
| ‘Show that U(P,|f |} — L{P,|f]} < [U(P,f) — L{P, f)] for all partitions P of [a, b].
Hence or otherwise show that if £ is integrable on {qa, &] then |f] is also |
integrable on [a,B]and l _jf f | = f: I#1. - |

Q) :
@ "S_:u“plp'ose that
S { & t<0
Floy = {rx’* +1, 0t 2
0, t =2
(1) Find a formula for F(x)in [0,6}, where F(x} = }: F{t) dt.
(i) Where is F differentiable? Justify your answer-.

(b) Let # be a Riemann integrable function on [a, b]. Prove that the function
Fi[a,b] » R, defined by F(x) = f: F(¢) dt is uniformly continuous on {g, &j.

(c) Let £ be a continuous function on R and let £ be defined by F{x} = fjff fle) de
for x € B Show that F is differentiable on Rand find F*.

Q6) Consider the following integrals:

1 7 1 ‘ to 1 . r—& i
{1 jﬁ;in_xdxf,.. (i) [_1 m‘dx, (i) f_m mdx, {iv) J_mmm

(a) Explain why each of the above is an improper integral.
(b) Determine the convergence of them and find the respective values when

converge.




