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Answer 4 questions only.

Note: Throughout the paper, without proof, you can assume that VZ is an irrational
number.

1. (a) Write down the contraposition of each of the following statements. Prove each of the
following statements. Assume that m,n € N.

(i) If mn is even then m is even or n is even.

() If 2<m—n <4 then 15 <m?—n® <3(2n+3). i

(b) Prove each of the following statements,
(i) For all posifive real numbers x and y, if x # y then —; + i- > 2.

(ii) For n € N, if m + 2n is a multiple of 3 then 2m + n is a multiple of 3.

2. (a) Write down the negation of each of the following statements. Do not place the phrase “It
is not the case that” or the word “Not” in front of the statements. Prove each of the
following statements. Assume that y € R.

(i) If y + V2 is a rational number then y — 2 is an irrational number.
(i) y ++2 is an irrational number or y —- VZ is an irrational number.

(iii) There exists a non-zero real number r such that 72 is a rational number and 7 + V2
is a rational number.




(b) Let p and g be statements. Without using truth tables or equivalent methods, prove
each of the following statements.

() p V q is logically equivalent to (not p) = q.

(ii) pAq is logically equivalent to not[ p = (notq)]. _ D

3. (a) Let {(x,) bea seqlience of real numbers that satisfies x; = 3, x, = 21 and for each
€ N, Xy — THnss & 10x, = 0. Prove that for each n € N, x, = 5" — 2",

(b) Prove that foreachm € N, there exists n € N such that n > m and 10n + 1 is not
prime.

(c) Prove that for each m,n € N, if im 41 is rational then ¥'m is rational and Jn s
rational

4. For each of the following statements, stale whether it is true or false and prove your answer.
(a) Foreachm € N, there exists n € N such that m + n is not prime.
(b) There exists m € N such that for each n € N, m + n is not prime.
(c)Foreachm € N, there exists 1 € N such that m + n is prime.

(d) There exists m € N such that for cachn € N, m + n is prime.

5. Prove or disprove each of the following statements.
(8) For each m € Z, mis a multiple of 3 or m is a multiple of 2.

(b) For each m € Z, (m? — 1) is a multiple of 3 or m? is a multiple of 3.

. 3m+1 13
(¢) There exists m € N such that < =,
2m+1 10
3in+l

. 3
(d) There exists m € N such that -5 < ﬁ foreachn = m.

2n+1
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6. (a) Letp,q € Z . Prove that is an integer if and only if p is even and ¢ is even.

(b) Let m be an odd positive integer. Prove that v2m is irrational.

(c) Does there exist p,q € Z such that p is even, ¢ is odd and ‘E_z%q_z € Q 7 Justify your

answer.
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